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PREFACE 

THIS set of four books of problems is based on a translation of a 
Russian collection which has been in use by students in physics at 
Moscow State University for a number of years. Where appro
priate, answers and solutions to the problems are given in the 
second part of each volume. 

During the course of the translation of these volumes, the 
authors provided a large list of amendments and additions to 
their Russian text and these have all been incorporated in this 
English edition. Many of the additional problems are on topics 
which have developed during recent years. 

The standard of the problems is roughly equivalent to an under
graduate course in physics at a British or at an American uni
versity ; it varies from the simple to the rather sophisticated. They 
can be used in conjunction with almost any textbook on physics 
at the appropriate level. 

D. TER HAAR 
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§ 1. K I N E M A T I C S 

1. A boat rowed across a river has a speed of 2 msec- 1 relative 
to the water, in a direction perpendicular to the flow. The speed of 
the flow is 1 msec"1. Find the total speed v of the boat and the 
direction of this vector relative to the river banks. 

2. Two ferry landing-stages are situated opposite one another 
on the banks of a river, the speed of flow of which is 0-5 msec- 1. 
What course should a ferry-boat take in order to cross the river 
along the straight line from one landing-stage to the other? In these 
conditions, what is the speed vx with which the ferry-boat will cross 
the river, given that the speed it develops relative to the water is 
0-8 msec-1? 

3. A tube is mounted on a flat cart which is in uniform motion on 
a horizontal plane. How must the tube be orientated on the cart 
in order for rain drops, falling vertically, to miss hitting the walls 
when falling inside the tube? The motion of the rain drops is assumed 
uniform. 

4. A ship travels westwards with a speed of 6-5 msec- 1. A wind 
is blowing from the south-west with a speed of 3-5 msec- 1. What 
will be the wind speed v recorded by the device on the ship? What 
will be the wind direction found by these devices relative to the 
course of the ship? 

5. Two aeroplanes are flying simultaneously from a given point 
in mutually perpendicular directions. The speed of one is vY 
= 300 km hr~1, of the other v2 = 400 km hr~ *. How does the dis
tance between the aeroplanes increase with time? What will this 
distance S be at the instant when the first aeroplane has flown a 
distance 5Ί = 900 km? 

3 



4 PROBLEMS 

6. Two ships are travelling parallel to each other in opposite 
directions with speeds νχ and v2. One ship fires on the other. At 
what angle φ should the gun be aimed at the target ship in order to 
make a hit, if the shot is fired at the instant when both vessels are 
on the straight line perpendicular to their course? The shell velocity 
v0 is assumed constant. 

7. A cutter travels between two points on a river at a distance 
L = 100 km from one another. The journey takes tx = 4 hr with 
the current, and t2 = 10 hr against the current. Find the speed v± 
of the current and the speed v2 of the cutter relative to the water. 

8. A fisherman is sailing up-stream; when passing under a bridge, 
he drops a boat-hook in the water. After half an hour he discovers 
this, turns back, and overtakes the boat-hook 5 km below the 
bridge. What is the speed of the current if the fisherman rows at 
the same speed up and down the river? 

9. Two trains are travelling in opposite directions with speeds v1, 
v2 respectively. An object is thrown horizontally and perpendicu
larly to the diretion of motion with a speed v0 (which can be assumed 
constant throughout) from the first train on to the platform of the 
second. (1) What is the angle φ1 to the direction of the rails formed 
by the projection of the moving object on to the road-bed? (2) What 
angle φ2 will be made with the edge of the platform of the second 
train, parallel to its motion, by the projection of the moving object 
on to the platform? (3) What are the speeds of the object relative 
to the road-bed (ν') and relative to the platform (i/')? 

10. A right-angle is drawn on a sheet of paper. A ruler, which 
always remains perpendicular to the bisectrix of this angle, moves 
over the paper with a speed 10 cm sec-1. The ends of the ruler 
intersect the sides of the angle. What are the speeds along the sides 
of the angle of their points of intersection with the ruler? 

11. A photographer, at a distance / from a railway track, wants 
to photograph a train travelling at a speed v, at the instant when 
his line of vision to the train makes an angle a with the track. What 
maximum exposure imax can the photographer give if the permissible 
blurring of the image on the plate must not exceed d, and the focal 
length of the camera lens is / ? 

12. A body moving with constant acceleration travels consecu
tively over two equal 10 m segments of its path S. Find the accelera-
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tion a of the body and its speed v0 at the start of the first segment, if 
the first segment is traversed in time tx = 1*06 sec and the second 
in t2 = 2-2 sec. 

13. Draw the graphs of the speeds and paths as functions of time, 
if the graphs of the acceleration of certain bodies are as shown in 
Fig. 1 (the initial speed of the bodies is always zero). * 
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14. Draw the graphs of the acceleration and path as functions of 
time, if the speed of a body is as shown in Fig. 2 (as a function of 
time). (Cf. the footnote to Problem 13.) 

15. What is the permissible limiting landing speed v of a para
chutist, if a man can safely jump from a height h = 2 m? 

* The accelerations are schematised as functions of time on these graphs, i. e., 
it is assumed that the acceleration changes with a jump at certain instants. This 
is done to simplify the problems. An acceleration can in fact change very rapidly, 
though never with a jump, i.e., it must be a continuous function of time. The 
assumption of jump-type accelerations is equivalent to the graphs of the velo
cities having breaks. Similar remarks apply to Problem 14. 
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16. Two bodies are thrown simultaneously from a tower with the 
same initial speed v0: one vertically upwards, the other vertically 
downwards. How will the distance S between the bodies vary with 
time? (Air resistance is neglected.) 

17. What initial velocity v0 should a signal rocket have, if it is 
shot at an angle of 45° to the horizontal and is to flare up at its 
highest point, assuming that its ignition time is 6 sec? (Air resistance 
to the motion of the rocket is neglected.) 

Vmsec r 
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FIG. 2 

18. At what point of the trajectory of a body, thrown at an angle 
to the horizontal, will the acceleration normal to the trajectory be 
a maximum? (Air resistance is neglected.) 

19. A shot is fired from an artillery gun at an angle φ to the 
horizontal. The initial speed of the shell is v0. Investigate analyti
cally the motion of the shell, neglecting air resistance and the curva
ture of the earth's surface. Illustrate graphically the functional 
relationships obtained. 

(1) Find the vertical and horizontal components of the velocity 
vector v and the absolute value of the velocity as a function of time. 

(2) Find the time of flight of the shell from the gun to the point 
where it reaches the earth. 

(3) Find the angle a between the velocity vector and the horizontal 
as a function of time. 

(4) Find the Cartesian coordinates (the x-axis is horizontal and 
the j-axis vertical) of the shell as functions of time. 

(5) Find the equation of the shell's trajectory y =f(x) and, using 
this equation, draw the trajectory. 

(6) Find the maximum height Hmax of the shell above the earth. 
(7) Find the horizontal range L of the shell as a function of its 

initial velocity and the firing angle. At what firing angle φ* will the 
range be maximum for a given initial velocity of the shell? 



KINEMATICS 7 
20. Draw the graph of the curve formed by the ends of the velo

city vectors of a shell fired at an angle φ to the horizontal, assuming 
that all these vectors, which correspond to the shell velocity at 
different instants, are drawn from the same point. This graph is 
called the hodograph of the velocity vector. (Air resistance is ne
glected.) 

21. Jets of water flow at angles 60, 45 and 30° respectively from 
three pipes located at ground level. Find the ratio of the maximum 
heights h reached by the jets from each pipe, and the ratio of the 
ranges L over the ground. (Air resistance to the flow of the jets is 
neglected.) 

22. What is the maximum range L o f a hammer thrown with 
initial velocity 20 msec-1 in a gymnasium of height 8 m? In this 
case, what must be the angle φ between the floor and the initial 
velocity vector of the hammer? Assume that the height above the 
floor of the initial point of the hammer's trajectory is small com
pared with the height of the gymnasium. The hammer must never 
strike the ceiling in its travel. (Air resistance is neglected.) 

23. A shell is fired vertically upwards with an initial velocity v0 
from the deck of a ship travelling at a speed vx. Neglecting air 
resistance, find the magnitude and direction of the velocity vector v 
of the shell as functions of time and the equation of the trajectory 
of the shell in a fixed coordinate system. (The results of Problem 19 
can be used to simplify the solution.) 

24. Find by the analytic method of investigating motions as 
applied in Problems 19 and 23 the trajectory, velocity v and accel
eration a of a body whose coordinates are the following functions of 
time: x = et2, y = bt2. 

25. An aeroplane flies horizontally along a straight course with 
speed v. The pilot has to drop a bomb on a target lying ahead of the 
plane. At what angle to the vertical must he see the target at the in
stant of dropping the bomb? At this instant, what is the distance 
from the target to the point immediately below the aeroplane? (The 
air resistance to the bomb is neglected.) 

26. The speed of a bullet can be found from its distance Δh below 
the horizontal at a given range L. The drop Ah in the trajectory is 
determined from the holes made by the bullet in two vertical screens, 
arranged one behind the other in the path of the bullet (A and B in 
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Fig. 3). Find the speed of the bullet on the assumption that Ah and 
L are known and that the air resistance is negligible. 

27. A target situated on a hill can be seen from the site of a gun 
at an angle a above the horizontal. The range (distance along the 
horizontal from the gun to the target) is L. If the shell is fired at 
angle /?, find the initial velocity required for it to strike the target. 
(The air resistance is neglected.) 

B 

FIG. 3 

28. Loads start to slide without friction simultaneously from the 
top end of the vertical diameter of a circle along grooves which 
occupy different chords of the circle. Show that all the loads arrive 
at the circle at the same time. 

29. A material particle slips without friction down a curve of 
arbitrary slope. Show that, after descending a depth A, its velocity 
is the same as if it had fallen freely a distance h. 

30. Balls are thrown in all directions with the same speeds from 
a tower. Show that, in the absence of air resistance, the centres 
of all the balls lie on a sphere, the centre of which drops with the 
acceleration of a freely falling body, whilst its radius is v0t, where v0 
is the initial speed of the balls, and / is the time from the instant 
when they are thrown. 

31. A truck has to convey a load in the shortest time from one 
point to another at a distance L. It can only start up or slow down 
its motion with the same constant acceleration a, then pass to a 
state of uniform motion or else come to rest. What maximum speed 
must the truck attain in order to satisfy the above-mentioned 
requirement? 

32. A boat whose speed is v0 drops its sail at the instant t0 but 
continues to move. Measurements of the boat's speed carried out 
during this motion show a hyperbolic dependence of the speed on 
time. Show that the acceleration a of the boat is proportional to the 
square of its speed. 
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33. Use the conditions of the previous problem to find the follow
ing functions: (1) the distance S travelled by the boat as a function 
of time t and (2) the speed v of the boat as a function of the distance 
travelled after dropping the sail. 

34. A shell is fired horizontally forwards with a speed vs from 
a gun mounted on an aeroplane flying horizontally with speed va. 
Neglecting air resistance, find: (1) the equation of the shell's traject
ory relative to the earth, (2) the equation of the shell's trajectory to 
the aeroplane, (3) the equation of the trajectory of the aeroplane 
relative to the shell. 

35. A boat crosses a river with a constant velocity v relative to the 
water, perpendicular to the current. The width of the river is d and 
the speed of the current is zero at the banks and increases linearly 
as the centre of the river is approached, at which point its value is w. 
Find the trajectory of the boat, and the distance x0 that it goes 
down along the current, from the point where it leaves one bank 
to the point where it reaches the other. 

36. Solve the previous problem on the assumption that the speed 
of the current increases from one bank to the centre of the river 
according to the parabolic law vx = ky2. 

37. A particle moves uniformly along the plane trajectory illus
trated in Fig. 4. At what point is the acceleration of the particle a 
maximum? 

VA 

I ►χ 
FIG. 4 

38. The moon revolves round the earth with a period T = 27 days. 
The mean radius of the moon's orbit is JR = 4 x 105 km. Find the 
linear velocity v of the moon round the earth and its normal accel
eration a. 

39. What are the graphs of the absolute values of the speed and 
acceleration as functions of time for a particle moving uniformly 
round a circle? 
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40. Find the mean angular velocity of the third Soviet sputnik, 
if the period of its rotation in orbit round the earth was 105 min on 
6 July 1958. 

41. Find the mean linear orbital velocity of the sputnik if its 
period of rotation in orbit was 105 min and its mean height 1200 km. 

42. Use the data regarding the sputnik given in the previous prob
lem to find the mean value of its normal acceleration in orbit. 

43. Find the linear velocity v of a point on the earth's surface 
on the geographical latitude φ, produced by the diurnal rotation of 
the earth about its axis. The radius of the terrestrial sphere is 
R « 6400 km. 

44. Find the linear velocity of the earth produced by its original 
motion. The mean radius of the earth's orbit is « 1-5 x 108 km. 

45. Find the normal acceleration of a point on the earth's surface 
produced by the diurnal rotation of the earth. Find the projection 
of this acceleration on the direction of the earth's radius at that 
point. Estimate the values of these quantities for the latitude of 
Moscow (55° northern latitude). The earth's radius R « 6400 km. 

46. The armature of an electric motor revolves at N revolutions 
per second; it slows down at a constant rate after switching off the 
current and comes to rest after n revolutions. Find the angular 
acceleration of the armature after switching off the current. 

47. A car is travelling at 60 km hr"1. How many revolutions per 
second are made by its wheels if they roll over the road without 
slipping and the outer diameter of the tyres is 60 cm. 

48. Given the conditions of the previous problem, find the normal 
acceleration of the outer tread of the car tyres. 

49. A rope that unwinds without slipping from a rotating shaft 
carries a bucket that drops into a well with an acceleration 1 msec-2. 
What is the angular acceleration of the shaft? How does the angle 
of rotation of the shaft depend on time? The shaft radius is 25 cm. 

50. A car travelling at 40 km hr~* reaches a bend in the road with 
a radius of curvature of 200 m. The driver brakes the machine on 
the bend and gives it a deceleration of 0-3 msec-2. Find the normal 



KINEMATICS 11 

and total accelerations of the car on the bend. What is the direction 
of the total acceleration vector atot relative to the radius of curva
ture R of the bend? 

51. A wheel of radius R rolls without slip on a horizontal road 
with velocity v0 (Fig. 5). Find the horizontal component vx of the 
linear velocity of any given point of the circumference of the wheel, 
the vertical component vy of this velocity and the modulus of the 
total velocity of the point. Find the angle a between the total 
velocity vector of a point on the circumference and the direction of 
the progressive motion of its axis. Show that the direction of the 
total velocity vector of a point A on the circumference is always 
perpendicular to the straight line AB and passes through the highest 
point of the rolling wheel. Show that, for the points, vtot = ΒΑω. 
Draw the graph of the velocity distribution for all points on a vert
ical diameter (at a given instant) of the rolling wheel. 

Express all the required quantities in terms of vQy R and the 
angle φ9 formed by the upper vertical radius of the wheel and the 
radius drawn from the centre O of the wheel to the point A of the 
circumference. 

Hint: The motion of a point of the circumference can be regarded 
as the sum of two motions: the progressive motion with velocity v0 
of the axis of the wheel and the rotation about this axis. For such 
a point, in the absence of slip, the modulus of the velocity vector 
of the progressive motion is equal to the modulus of the linear 
velocity due to the rotation. 

\ 0 / υ 0 / 

\ M/ / 

FIG. 5 

52. Use the general results obtained in Problem 51 to find the 
magnitude and direction of the velocity vectors ι̂  for two points of 
the circumference of the wheel, situated at a given instant at opposite 
ends of a horizontal diameter of the wheel. What are the directions 
of the accelerations of these two points? 
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53. A wheel of radius JR rolls uniformly without slip along a 
horizontal path with velocity v. Find the coordinates x and y of 
any given point A on the circumference of the wheel, expressed as 
functions of time / or of the angle of rotation of the wheel <p, on the 
assumption that ç > = 0 , * = 0,j> = 0 a t i = 0 (Fig. 6). Use the 
expressions obtained for x and y to draw the graph of the trajectory 
of a point on the circumference. 

vw>//Mïy////////ïx 

FIG. 6 

54. Use the expression for the total velocity of a point on the cir
cumference of a rolling wheel (see Problems 51 and 53) to find the 
total path traversed by the point between its two successive contacts 
with the road. 

55. A car with wheels of radius R moves with velocity v along a 
horizontal road, where v2 > Rg and g is the acceleration due to 
gravity. What is the maximum height h to which dirt picked up by 
the wheels can be thrown? Find the point on the tyre from which 
dirt will be thrown up highest for a given speed of the car. Neglect 
air resistance to the movement of the dirt through the air. 

56. Use the rolling conditions for a wheel described in Problem 51, 
and the results of its solution, to find the horizontal and vertical 
components of the acceleration vector of an arbitrary point on the 
circumference. Give the magnitude and direction of the total accel
eration vector for a point of the circumference. 

57. An idea of the magnitude and direction of the total accel
eration vector in the case of an accelerated rotation (for instance, 
for a point on the armature of an electric motor) can be obtained by 
considering the following problem. 

A point moves over the circumference of a circle of radius R with 
constant tangential acceleration at, but without initial velocity. 
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Find the normal and total accelerations of the point, expressed as 
(1) functions of time t and the acceleration at ; (2) as functions of 
the angular acceleration a and the angle of rotation φ of the radius 
vector of the point from its initial position. Find the angle β between 
the direction of the total acceleration vector of the point and its 
radius vector. 

58. A cinematograph operator is taking a picture of a descending 
aircraft through a telephoto lens ; at a given instant he turns his 
camera about the vertical axis with angular velocity ω1 and about 
the horizontal with angular velocity ω2 = cOi/5. What is the axis 
of the rotation which is equivalent to the sum of these two rotations? 
What angular velocity about this axis is needed to replace the two 
original rotations? 

59. A rigid body rotates simultaneously with angular velocities 
ωί,ω2 = 2ωί9 ω3 = 3ω1 about three mutually perpendicular axes 
passing through the same point. Find the orientation with respect 
to these three axes of a single axis, such that rotation about it can 
replace the three independent rotations. What is the angular velocity 
with which the body must now rotate about the new axis? 

60. A horizontal disc rotates with angular velocity ωχ about a 
vertical axis. Another disc, also with a vertical axis, is mounted 
on the first disc at a distance R from its axis of rotation. The second 
disc rotates about its axis in the same direction as the first disc, but 
with angular velocity ω2. Where is the instantaneous axis of rotation 
situated, such that rotation of the second disc about it is equivalent 
to its part in the two rotations with angular velocities ωχ and ω2 
described above. With what angular velocity ω must the second 
disc rotate about this instantaneous axis? 

61. The rotation of a car engine is transmitted to the drive wheels 
via the differential —a device that enables the two wheels to rotate 
with different velocities. Why is a differential necessary? Why can
not the two drive wheels be rigidly fixed to the same axis, to which 
the engine rotation is transmitted? 

62. On the basis of general considerations regarding the motion 
of a car along a curved path, developed from the previous problem, 
calculate the velocities of the wheels on a bend. A car with 1-2 m 
track and wheel radius r = 30 cm moves round a bend in the road 
with radius of curvature R = 50 m. The speed of the centre of the 
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car is 36 km hr~ *. Find the linear speeds vt and v0 of the inner and 
outer wheels of the car. (Seen from the centre of curvature of the 
road.) 

63. A horizontal disc rotates uniformly with angular velocity ω. 
A vertical stick is mounted at a distance R from the centre of the 
disc. Find the law of motion of the shadow of the stick on a vertical 
screen, if the entire device is illuminated by a horizontal parallel 
beam. Use this law of motion to draw the graph of the path, velocity 
and acceleration of the shadow on the screen as functions of time. 

§2. DYNAMICS OF PARTICLE MOTION ALONG 
A STRAIGHT LINE AND ELEMENTARY SYSTEMS 

64. A mass of 1 kg hangs from a spring balance mounted in a 
lift. What will the balance indicate if the lift: (1) moves upwards 
with acceleration 4-9 msec-2, directed downwards ; (2) moves down
wards with acceleration 4*9 msec-2, directed upwards; (3) moves 
downwards, with acceleration 1 msec-2 directed downwards? 

F i — i — i — i — i — i — i 
» 1 2 3 ^ 5 6 

FIG. 7 

65. Six equal cubes of mass m = 1 kg lie on a smooth horizontal 
table. A constant force F = 1 kg acts on the first cube in the direc
tion indicated by the arrow (Fig. 7). Find the resultant force/acting 
on each cube. Indicate by arrows on a sketch the forces acting on 
adjacent faces of each pair of cubes. With what force / does the 
fourth cube act on the fifth? 

A B C r 

FIG. 8 

66. A uniform rod AC of mass m and length / (Fig. 8) is placed 
on a smooth horizontal table. A constant force F pushes the right-
hand end of the rod. What is the force F± with which the imaginary 
segment AB = 4//5 of the rod acts on the segment BC1 
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67. A body of mass M is placed on a smooth horizontal plane 
(Fig. 9). Another mass m is suspended from a string passing over a 
pulley and attached to the mass M. Find the accelerations of the 
masses M and m and the tension in the string. Neglect the friction 
of the mass M on the plane and the friction in the pulley, also the 
masses of the pulley and string. 

FIG. 9 

68. We return to the device described in the previous problem 
(Fig. 9). (1) We intersect the body of mass M with an imaginary 
horizontal plane at half its height. What force does the upper half of 
the mass exert on the lower half? (2) We imaginarily intersect the 
mass M with a vertical plane through half its length (perpendicular 
to the plane of the sketch). What force does the left-hand half of the 
body exert on the right-hand half? 

69. In a device similar to that described in Problem 67, three 
masses ml9 m2 and m3 are located on a table and are connected 
together by strings, and also, via a string over a pulley, to a mass M 
(Fig. 10). (1) Find the acceleration a of the system; (2) find the 
tensions in all the strings, on the same assumptions as in Problem 67. 

70. A body slides on a plane inclined at an angle a. The friction 
force between the body and the plane is proportional to the normal 
pressure force on the plane and is independent of the speed of the 
body. The coefficient of friction between the surfaces of the body 
and plane is k. Find the acceleration a with which the body slides. 

71. Two identical bodies are joined by a string and lie on a 
smooth horizontal table, so that the string forms a straight line 



16 PROBLEMS 

(Fig. 11). The string can withstand a tension not exceeding 2 kg. 
What horizontal force F must be applied to one of the bodies in 
order to break the string? 

m3 1TÌ2 

=2=^ 

FIG. 10 

72. Given the conditions of the previous problem, does the force 
needed to break the string change if friction is present between the 
bodies and the table and the coefficient of friction is the same for 
both bodies? 

ί * m 
ψ//////λ 
Υ//////Λ m ^ ^ % % ^ ^ ^ ^ ^ ? ^ ^ % ^ ^ 

FIG. 11 

73. Two plates of masses ml9 m2 are joined by a spring (Fig. 12). 
What force must be applied to the upper plate in order for it to 
raise the lower plate when it bounces up after the action of the force 
has ceased? Neglect the mass of the spring. 

74. A board lies horizontally on two supports under its ends. A 
body at rest lies at the middle of the board. What forces act on this 
body? What forces act on the board and the supports? (The weight 
of the board itself can be neglected when considering these ques
tions.) 

75. A man stands on the board described in the previous pro
blem. He suddenly squats down. What happens in the first instant: 
does the bending of the board increase or decrease? What happens 
if the man was sqatting and suddenly gets up? 
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76. A horse pulls a sledge uniformly. Consider the interaction 
between the three forces: of the horse, the sledge and the earth's 
surface. Draw the vectors of the forces acting on each of the three 
bodies separately, and establish the relationship between them. 

77. How does the relationship between the forces change in the 
example of the previous problem if the horse and sledge move with 
acceleration a? Find the magnitudes of all the forces if a = 20 m sec-2. 
The mass of the sledge plus load is M = 0-5 tons, the mass of the 
horse m = 0-35 tons, and the coefficient of friction of the sledge on 
the snow 0-2. 
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FIG. 12 

78. What must the minimum coefficient of friction k be between 
the tyres of the drive wheels of a car and the road, if the car, with 
weight 2T and load 4Γ, has an acceleration a = 0-2 msec-2? 

Consider the problem for two cases: (1) all the wheels are driven; 
(2) only the rear wheels are driven; assume that the centre of gravity 
of the car lies at the mid-point between its wheel axes, and the centre 
of gravity of the load above the rear axle. 

79. A load lies on a horizontal board. The coefficient of friction 
between the board and load is 0-1. What horizontal acceleration 
must be communicated to the board in order for the load to slide 
along it? 

80. A board of mass M = 1 kg lies on a table, and a weight of 
2 kg on the board. What force F must be applied to the board in 
order for it to be slipped out from under the load? The coefficient 
of friction between the load and board is 0-25, and between the 
board and table 0-5. 

81. A balloon of mass M drops at constant speed. How much 
ballast AM must be thrown out in order for the balloon to start 
to climb with the same speed? Assume that the lifting force P of the 
balloon is constant. 
UP I. 2 
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82. A pendulum of mass m hangs from a support fixed to a 
trolley (Fig. 13). Find the direction of the string of the pendulum, 
i.e. its angle a with the vertical, and its tension Tin the following 
cases: (1) the trolley moves uniformly on a horizontal plane; (2) the 
trolley moves horizontally with acceleration a; (3) the trolley rolls 
freely down an inclined plane at an angle φ to the horizontal; (4) the 
trolley rolls up the plane with acceleration b directed along the 
plane; (5) the trolley rolls down the plane with the same accelera
tion b. n 

mtzmmmmmm 
FIG. 13 

83. A stone is thrown vertically upwards. At what points of the 
trajectory does the stone have its maximum acceleration? Consider 
two cases: (1) air resistance is absent; (2) the air resistance increases 
with the speed of the stone. 

84. What is the direction of the acceleration of an artillery shell 
after it leaves the barrel of the gun, if air resistance is absent? How 
does this direction change in the presence of air resistance? 

85. A load A of mass m is fixed on springs in a shell fired vertically 
upwards (Fig. 14). What will be the force exerted by the springs on 
the load when the shell is rising and falling? Consider the problem, 
first neglecting, then taking account of air resistance to the motion 
of the shell. 

86. An elementary device for verifying the laws of uniformly acce
lerated motion can be represented schematically thus : two unequal 
weights m1 and m2 are supported on a string passing over a pulley^ 
(Fig. 15). Find the acceleration of the masses, the tension of the 
string Tand the force/acting on the axis of the pulley of this device. 
The weights of the string and pulley are neglected, as is the friction 
at the pulley axis. 
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87. A string passes round a pulley at the top edge of a smooth, 
inclined plane (Fig. 16). A load of mass m1 is attached to one end 
of the string and lies on the plane. A load of mass m2 is suspended 
from the other end. What is the acceleration a of the loads and what 
is the string tension TÌ The inclined plane is at an angle a to the 
horizontal. 

mmff//////* 
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FIG. 14 FIG. 15 

88. Masses ml9 m2 move in the device described in Problem 86. 
In a time t from the start of the motion the mass m1 has dropped 
I In of the distance that it would have dropped if falling freely. Find 
the ratio of m1 to m2. 

FIG. 16 

89. The two weights on either side of the pulley in the device 
described in Problem 86 are both of mass m = 250 g. An additional 
load Am = 5 g is placed on one of the weights (an overload). Find 
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the time t, measured from the start of the motion, in which each 
load traverses a distance S = 1 m, and the speed v of the loads 
after traversing this distance. 

90. Using the data of the previous problem find the pressure p 
exerted by the extra load on the original load during the motion. 

FIG. 17 

91. The device described in Problem 86 is mounted on a balance 
with a braked pulley* (Fig. 17). (1) In which direction is the equi
librium of the balance broken if the brake is taken off the pulley? 
(2) How does the balance reach equilibrium when the masses mx, 
m2 are in motion? 

92. Find the accelerations a1, a2 of the masses M±, M2 and the 
string tension T in the system illustrated in Fig. 18. Neglect the 
weight of the pulleys and string. 

93. Find the acceleration of the mass mx in the system illustrated 
in Fig. 19. Find the string tensions Tx and T2. Neglect friction and 
the weights of the pulleys and string. 

94. Figure 20 illustrates a device for demonstrating the laws of 
dynamics. Two extremely light pulleys a and c are mounted on the 
beam of a balance, one at one end and one at the centre; attached 
to the ends of a string passing round the pulleys are two equal 

* Due to this, the masses m1, m2 do not move. 
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loads A and B of 250 g. The central pulley is mounted in such a 
way that the load on the string is below the support point of the 
beam. A scale with small weights is suspended at the other end of 
the beam. 
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Let the balance be in equilibrium with the same loads A and B 
on the string. How must the load on the scale be varied so as to 
preserve the balance equilibrium with moving loads in the following 

cases: (1) an extra load of 25 g is placed on the load hanging from 
the end of the beam; (2) an extra load of 25 g is placed on the load 
under the mid-point of the beam? 
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95. The system illustrated in Fig. 20 (see the previous problem) 
is in equilibrium when an extra load of 50 g is placed on the central 
load and the pulleys are braked. (1) What must be done to re
establish equilibrium after the pulleys have been freed and the loads 
start to move? (2) Answer the same question, if the balance was 
first in equilibrium with the pulleys braked and an overload of 50 g 
placed on the load at the end. 

96. A string of length / passes round a pulley whose axis is hori
zontal (see Fig. 15 for the arrangement of the pulley). Two monkeys 
hang from the ends of the rope at the same distance //2 from the 
pulley. The monkeys start simultaneously to climb upwards; one 
climbs with a speed v relative to the rope, the other with a speed 2v. 
How long does it take each monkey to reach the pulley? Neglect the 
weights of the rope and pulley; the monkeys both have the same 
weight. 

97. The monkey moving with the greater speed (see the previous 
problem) has twice the weight of the other. Which monkey reaches 
the pulley first? 

98. Two (solid) balls are falling in air. The balls are made of the 
same material, but the diameter of one is twice that of the other. 
What will be the ratio of the speeds of the balls in established 
(equilibrium) motion? Assume that the resistive force of the air is 
proportional to the cross-sectional area of a moving body and to the 
square of its velocity. 

99. A steel ball of radius 0Ό5 mm falls into a wide vessel filled 
with glycerine. Find the speed v of the equilibrium motion of the ball. 
The coefficient of internal friction in glycerine is η = 14 g cm- 1 sec-1, 
the density of glycerine is d± = 1-26 g cm- 3, the density of steel 
d2 = 7-8 g cm~3. 

Hint: To solve this problem, use has to be made of a well-known 
formula of hydrodynamics, expressing the resistive force exerted 
on the ball moving in a viscous fluid: 

/ = βπϊυη. 
100. How will the speed of a body vary if it moves vertically up

wards with initial velocity v0 and it can be assumed that the air 
resistance is proportional to the speed of the body? 

101. Two rain-drops start falling from a fixed cloud one after the 
other, τ sec apart. How will the distance between them vary in time? 
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Solve the problem in two cases: (1) on the assumption that there 
is no air resistance; (2) assuming that the air resistance is propor
tional to the speed of the drop. 

102. A boat under sail develops a speed v0. (1) How will the speed 
decrease in time in a calm sea after dropping the sail, if the resistance 
of the water can be regarded as proportional to the square of the 
speed? (2) How ought the boat to move? (3) What distance will it 
travel before coming to a complete stop? 

103. Consider the questions put in the previous problem on the 
assumption that the resistance of the water is proportional to the 
first power of the boat's speed. 

104. Let the resistance of the water to a boat be proportional to 
the speed of the boat (see also the conditions of the two previous 
problems). In this case, how will the speed of the boat after dropping 
the sail depend on the distance travelled? 

105. A parachutist performs a delayed drop. Prior to opening the 
parachute he falls with a speed 60 msec-1, after opening, he lands 
with a speed 4 msec-1. Calculate what the maximum tension of the 
parachute chord would be if it opened instantaneously at the end 
of the delayed drop. The weight of the parachutist is 80 kg, whilst 
the air resistance to a moving parachute can be assumed propor
tional to the square of the speed (see also the next problem). Assume 
that the weight of the parachute and chord is small compared with 
the weight of the parachutist. 

106. In the delayed drop considered in the previous problem, the 
parachute opens gradually instead of instantaneously. Throughout 
the period up to complete opening the cord tension T remains 
roughly constant and equal to 720 kg. Find the speed of descent vf 

at the instant when the parachute opens completely and the time τ 
taken for complete opening. 

107. A string passes over a light pulley that rotates without fric
tion. A weight of mass m1 is attached to one end of the string. A 
ring of mass m2 slides along the other end of the string with con
stant acceleration a2 relative to the string (Fig. 21). Find the accel
eration ax of the mass m± and the friction force JR of the ring about 
the string. The weight of the string can be neglected. 

108. The monkeys discussed in Problem 96 start to climb up
wards with constant acceleration relative to the rope, one climbing 
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with acceleration a, the other with acceleration 2a. How long does 
it take each monkey to reach the pulley? 

109. The various possibilities for the dependence of the motion 
of a heavy pendulum on the acceleration of its support point can be 
illustrated by the well-known experiments of Professor N.A.Lyu-
bimov with a pendulum supported on a falling board. The axis of 
rotation of the pendulum is fixed near the top of the board, which 
falls vertically downwards, sliding without friction over guide wires 
(Fig. 22). 

v////////////////////, 'm 
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(1) How will the pendulum move relative to the board if it is in
clined from the vertical whilst keeping the board fixed, and then 
both pendulums and board are freed simultaneously. 

(2) How will the pendulum move relative to the board if it is first 
set into oscillation on the fixed board, and then the board is freed 
at the instant when the pendulum velocity is zero? 

110. What will be the period of small oscillation of an ideal 
pendulum of length /, if it oscillates in a truck moving in a horizontal 
direction with acceleration al 

111. What will be the period of small oscillation of a pendulum 
in a lift, falling with constant acceleration al What is the period 
when a = gl How does the pendulum behave if a > gl 
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112· What is the period of small oscillation T of a simple pen
dulum of length /, suspended in a trolley that rolls freely down a slope 
at an angle a to the horizontal? 

113. A heavy body is suspended on a spring from the roof of a 
lift cage. How does the body move relative to the cage if the latter 
suddenly starts to fall freely under the action of gravity? 

FIG. 23 

114· Find expressions for the acceleration and speed of a trolley 
A under the action of a constant horizontal force / (Fig. 23) if it 
contains sand that pours out through the floor. The weight of sand 
pouring out in 1 sec is Am; at time t = 0, the speed of the trolley 
was v = 0, and the weight of sand plus trolley was M. 
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115. A rope lies on a board and one end passes through a hole 
drilled in the board (Fig. 24). Find the speed v with which the end 
slides away from the board, given that the total length of the rope 
is / and the length hanging initially from the hole is l0. Find the 
length that has passes through the hole as a function of time. Neglect 
the friction between the rope and board. 
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116. Three equal balls 1, 2 and 3 are suspended on springs one 
below the other, in such a way that the distances between them are 
equal (Fig. 25). Thus the centre of gravity of the system is at the 
centre of the second ball. If the thread is cut that supports ball 1, 
the system starts falling, the acceleration of the centre of gravity of 
the system being 3mgl3m = g (by the familiar law: the acceleration 
of the centre of gravity of a system of bodies is equal to the sum of 
the external forces acting on the system divided by the total mass 
of the system). But spring I pulls ball 2 upwards more strongly 
that spring II pulls it downwards (the pull of spring I is/i = 2mg 
at the initial instant, whilst the pull of spring II is f2 = mg at the 
initial instant), so that ball 2 starts falling with an acceleration less 
than g. 

We thus seem to have arrived at a contradiction. (1) Explain the 
apparent contradiction; (2) find the accelerations of all the balls at 
the initial instant; (3) find the initial accelerations of the balls if we 
cut the spring supporting ball 3 instead of the thread. 

117. A wedge of mass M lies on a horizontal plane (Fig. 26). A 
body of mass m is placed on the face of the wedge. All the contact
ing surfaces of the bodies are smooth. Find the horizontal acce-

FIG. 26 

lerations of both bodies and the forces N and R with which the body 
presses on the wedge and the wedge presses on the plane. 

§ 3. STATICS 

118. A man of weight P stands on a horizontal plane and supports 
by his weight with the aid of a fixed pulley a load of weight Q 
(Fig. 27). Find the force F with which the man presses on the plane. 

119. A lamp of weight P = 10 kg is supported by a cable above 
the middle of a street of width / = 10 m. The permissible cable ten-
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sion p = 50 kg. If the point at which the lamp is fixed to the cable 
must be at a height h — 5 m, at what height must the ends of the 
cable be held? 

120. An analysis of the result of Problem 119 can lead to the 
following unexpected conclusion: a cable can be broken by an arbi
trarily small force. For suppose the cable is stretched and clamped 
at it ends; we now only need to apply a small force perpendicular 
to the cable at its centre in order to produce as large a tension as 
desired. How is it that a cable cannot be broken by an arbitrary 
small force? 

FIG. 27 FIG. 28 

121. The suspension of a lamp is as illustrated in Fig. 28. The 
weight of the lamp is 5 kg. Find the forces acting on the girder AB 
and the wire CB (the dimensions are shown on the figure). 

122. A rope is attached to a hook A and passes round a pulley C 
(Fig. 29). A load of 20 kg is fastened to the rope at the point D, 
which cannot move along the rope. What load Q must be attached 
to the end of the rope in order for the rope tension over the piece 
AD to be twice that in the remaining part, and the angle ADC to 
be 90°? Find the force F pulling out the pulley C. 

123. A wedge is driven into a beam. What must be the coefficient 
of friction for the wedge not to slip out from the beam? The angle 
of the wedge at the vertex is 30°. 
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124. With what force/must a man pull on a rope in order to 
support the platform on which he stands (Fig. 30), if the weight of 
the man is P1 = 60 kg and the weight of the platform P2 = 30 kg? 
With what force F does the man press on the platform? What is the 
maximum weight of platform (P2)max that the man can support? 

FIG. 29 FIG. 30 

125. The construction and dimensions of a hoist are illustrated 
in Fig. 31. Find the pull Fin the cable AB and the force Tstretching 

FIG. 31 
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the rod BC when the hoist lifts a 1 ton load. The points B, C and D 
are assumed to be hinged freely. 

126. The length of a balance beam 2/ = 30 cm, the weight of the 
beam/? = 300 g, the length of the pointer D = 30 cm. An overload 
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p = 0-01 g on one of the scales causes to the point to deviate 
k = 0-3 cm from the vertical. Find the distance d of the centre of 
gravity of the beam from the rib of the prism. 

127. What minimum coefficient of friction k is required between 
the wall of a cube and a horizontal plane in order for it to tilt about 
its rib as the result of a horizontal force F being applied to the upper 
face? What must be the value of the applied force? 

128. Find the distance d from the centre of gravity of a semi
circle of radius R from its diameter. 

129. Find the distance t/from the centre of gravity of a semicircul
ar lamina of radius R from its diameter. 

130. A uniform lamina is bounded by a semicircle of radius R 
and an isosceles triangle with base and height 2R (Fig. 32). Find 
the position xc of the centre of mass C of the lamina. 

131. Find the position of the centre of mass of a lamina in the 
form of a circular segment, the length of arc of which is 2a, and the 
radius R. 

FIG. 32 FIG. 33 

132. A semicircular plate is lifted at four points, two at the ends 
of the diameter and the other two on the circumference. What must 
be the distances of the last two points from the diameter in order for 
a quarter of the weight of the plate to be supported by each point? 

133. Loads weighing P, 2P, 3P, 4P, 5P and 6P are suspended 
from the six vertices of a horizontal regular hexagonal of side a 
(Fig. 33). Find the magnitude and point of application M(x, y) of 
the resultant. The coordinate axes are as illustrated in the figure. 
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134. A uniform solid sphere of weight p, cut in half by a vertical 
plane and tied round its horizontal great circle with string, lies on a 
table. Find the string tension T. 

FIG. 34 

135. A bracket, illustrated in perspective in Fig. 34, consists of 
three rods AB, AC and AD. The ends B, C, D of the rods are fixed 
to the wall by hinges, whilst the other ends are welded together at 

FIG. 35 FIG. 36 

the point A. The rods AB, AC lie in a horizontal plane and form an 
angle 2γ. The vertical plane through the rod AD bisects the angle 
BAC. The rod AD forms an angle β with the wall. A force Facts at 
the point A, in a plane parallel to the wall and forming an angle a 
with the vertical. (1) Find the tension forces in the rods. (2) Find 
the conditions in which there is no tension in the rod AC. 
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136. Is it possible to support a box hanging from a rope against 
a vertical wall as illustrated in Fig. 35, when there is no friction? 

137. A cube of weight 1 ton is supported by the rib D o n a pro
jection in a vertical wall and by a cable AB from the rib B to the 
wall (Fig. 36). The cable forms 45° with the wall. Find the force F 
exerted by the cube on the projection D. 

138. Two identical beams rest on supports at their ends as shown 
in Fig. 37. There is no friction between the beams and the supports. 
A cylinder A is squeezed between the beams and held by friction 
forces, whilst the beams are joined from below by a rope attached 
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to spikes driven into the beams. Find the tension Tin the beams and 
the pressure F of the cylinder on the beams, given that the distance 
h between the axis of cylinder A and the rope is 20 cm. The length 
of each beam is / = 1-5 m, and the weight of each P = 220 kg, 
whilst the weight of the cylinder is p = 20 kg. 

f 

FIG. 38 
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139. Two cubes of edge length 10 cm are welded over their faces to 

form a prism; the weight of one cube is 1 kg, or the other 3 kg. The 
prism stands on a rough horizontal plane (Fig. 38). What horizontal 
force/must be applied to the upper face of the prism perpendicu
larly to its side in order to tilt it about the bottom rib? Does this 
force/depend on whether the lighter or heavier cube is at the top? 
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§4. WORK, POWER, ENERGY 

140. A load weighing 10 kg is raised through 10 m by the action 
of a constant force of 20 kg. How much work is done? What is the 
potential energy of the raised load? 

141. Find the work that must be done in order to tilt about its 
rib the prism described in Problem 139, for the cases mentioned 
there. 

142. The coefficient of friction between a body and a plane in
clined at 45° to the horizontal is 0-2. To what height will the body 
slide up the plane if it is given a velocity of 10 msec-1 directed up
wards along the plane? What will be the speed of the body when it 
returns to its initial starting point? 

143. Show that, if a curve is drawn expressing the kinetic energy 
of a particle as a function of the path traversed, the force acting at 
each point in the direction of the path is measured by the slope of 
the energy curve with respect to the axis of abscissae. 

144. It is required to pump out water into the roadway from a 
flooded cellar, the floor area of which is 50 m2. The depth of water 
in the cellar is 1-5 m, whilst the distance from the level of the water 
to the road is 5 m. Find the work needed for pumping out the water. 

145. Two litres of water are poured into the cylinder of a Barker's 
wheel; the height of this column is 60 cm. Find the energy U stored 
in the device. 

146. A window blind weighing 1 kg and 2 m long rolls round a 
thin shaft at the top of the window. How much work is done in 
rolling it up? Neglect friction. 

147. A mountain stream with flow section S m2 forms a water
fall of height h m. The speed of the current in the stream is v m 
sec-1. Find the power W of the stream, expressed in horse-power. 

148. Find the mean useful power in a shot from a smooth-bored 
gun, given that the bullet of mass m leaves the bore with speed v0, 
and the length of the bore is / (the pressure of the cartridge gases is 
assumed constant throughout the time the bullet is in the bore). 

149. A plumb-line is held vertically in a truck travelling along a 
horizontal path with constant acceleration a, then is suddenly re
leased. Find: (1) an expression for the potential energy U of the 
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plumb-line when its angle of deviation from the vertical is a; (2) an 
expression for the work A done by the force deviating the plumb-
line through the angle a; (3) the maximum value of the angle of 
deviation amax in the conditions of the experiment. (4) Show that amax 
is twice the angle to the vertical of the equilibrium direction of the 
plumb-line when the truck is in accelerated motion (see also Pro
blem 82). (5) Describe the motion of the plumb-line after being freed 
from the vertical position. 

150. A plumb-line is held vertical in a railway truck until the 
latter is travelling with constant speed. When the train brakes the 
plumb-line starts to swing, its maximum deviation from the vertical 
being 3°. What distance S does the train travel until it is at rest if its 
deceleration is assumed constant throughout and its speed at the 
initial instant of braking was 47 km hr"1. 

151. A meteorite falls from a very great distance to the earth's 
surface. At what speed would the meteorite strike the earth if the 
atmosphere did not brake its motion? 

152. Do the results of the solution of the previous problem enable 
us to answer the question: what is the minimum speed required of a 
rocket fired from the earth's surface if it is to overcome the earth's 
gravitational force and reach interplanetary space? 

153. A meteorite of mass m = 1 ton falls to earth from a very 
great distance. Find the kinetic energy T of the meteorite at a dis
tance h = 200 km from the earth's surface. 

154. What power W is expended by a horse in pulling a sledge 
up-hill with constant speed vl The weight of the sledge is p kg, the 
friction between the sledge and the hill is constant, the coefficient of 
friction is k. The angle of the slope of the hill is a. 

155. Show that (for the conditions of Problem 102) the total 
work done by the friction forces between the boat and the water is 
equal to the initial kinetic energy of the boat. 

156. Find the potential energy U of a compressed spring as a 
function of its deformation, on the assumption that the force of de
formation is proportional to the third power of the size of the de
formation, with coefficient of proportionality ß. 

157. A fly-wheel of radius R m does n revolutions per minute and 
transmits a power of P horse-power via a belt drive. Find the tension 
T (in kg) in the belt if it runs without slipping. 
UP I. 3 
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158. The power of a motor is determined by compressing its 
shaft A between two shaped blocks 1 and 2 (Fig. 39). The com
pression is supplied by a lever, perpendicular to the shaft, on which a 
load is suspended such that the lever retains its horizontal position 
when the motor is developing full power, turning in the direction 

u R H 
FIG. 39 

indicated by the arrow. What is the power of the motor if a load P 
kg is situated at a distance R from the shaft axis when the motor is 
turning at n revolutions per minute? 

ŒZD 
FIG. 40 

159. Two pulleys at the same level are connected by a belt; the 
first is the drive pulley (see Fig. 40). In which case is the maximum 
power that can be transmitted by the belt for a given number of 
revolutions the greater; when the pulleys rotate clockwise or coun
ter-clockwise? 

§ 5. L A W S OF CONSERVATION OF M O M E N T U M 

AND E N E R G Y 

160. With what velocity v will a man start to move if he fires a 
shot horizontally whilst standing on very smooth ice? The weight 
of the man with rifle and bullet is 70 kg, whilst the weight of the 
bullet is 10 g and its initial velocity 700 msec - 1 . 

161. Find the force exerted by a rifle on the shooter's shoulder 
on the assumption that a constant force acts towards the rifle and 
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revolutions the greater; when the pulleys rotate clockwise or coun
ter-clockwise? 

§ 5. L A W S OF CONSERVATION OF M O M E N T U M 

AND E N E R G Y 

160. With what velocity v will a man start to move if he fires a 
shot horizontally whilst standing on very smooth ice? The weight 
of the man with rifle and bullet is 70 kg, whilst the weight of the 
bullet is 10 g and its initial velocity 700 msec - 1 . 

161. Find the force exerted by a rifle on the shooter's shoulder 
on the assumption that a constant force acts towards the rifle and 
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the shoulder is displaced S = 1-5 cm, whilst the bullet leaves the 
barrel instantaneously. The weight of the rifle is 5 kg, the weight of 
the bullet 10 g, and its exit speed is v = 500 msec-1. 

162. A shot is fired horizontally from a gun that slides freely on 
an inclined plane and has already traversed a path /. What must be 
the speed v of the shell in order for the gun to remain still after 
firing? Express the required velocity v in terms of the mass m of the 
shell, the mass M of the gun and the angle a of inclination of the 
plane to the horizontal. Assume that m <ζ M. 

163. A shell breaks into two equal parts at the top point of its 
trajectory at a height h = 19-6 m. One second after breaking, one 
part falls to earth at a point below that at which the breaking oc
curred. What is the distance S2 from the firing point at which the 
second part of the shell falls, if the first part falls at a distance 
S± = 1000 m from the firing point? Neglect air resistance when 
solving this problem. 

164. Three boats of the same weight P travel in line ahead (one 
after the other) with the same speed v. Loads of weight Pt are 
thrown simultaneously from the middle boat to the front and rear 
boats with the same speed u relative to the boat. What are the speeds 
of the boats after the loads have been thrown across? 

165. Two boats are travelling in opposite directions on a parallel 
course. When the boats are exactly opposite a sack weighing 50 kg 
is thrown from each boat over to the opposite one; as a result, the 
first boat stays still whilst the second travels at 8-5 msec-1 in its 
former direction. What were the speeds of the boats before ex
changing the sacks, if the weights of the boats plus sack are 
500 kg and 1 ton respectively. 

166. A sphere of mass m± moving with speed t?! is struck by a 
second sphere of mass m29 which overtakes the first in the same 
direction with speed v2. Assuming that the collision is completely 
inelastic, find the speeds of the spheres after the collisions and their 
kinetic energy. 

167. Two spheres of mass m^ and m2 are travelling in opposite 
directions. An inelastic collision occurs between the spheres. The 
kinetic energy of one sphere is known to be 20 times that of the 
other. In what conditions will the spheres, after collision, travel in 
the direction of motion of the sphere with the lesser energy? 
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168. What must be the speed of travel of a shell of mass m = 10 kg 
if, when it strikes a vessel of mass M = 100 tons, the latter acquires 
a speed vx =0-1 msec -1? (Assume that the collision is inelastic.) 

169. An ice-breaker striking an ice-flow of mass M gives it a speed 
of v msec - 1 as it pushes it away. Suppose that the pressure of the 
ice-breaker on the ice-flow increases uniformly in time as the ice
breaker approaches the ice-flow and also decreases uniformly when 
they move apart. Find the maximum force of the ice-flow on the 
side of the vessel in these conditions, if the collision occupies τ sec. 

170. It is proposed in an invention to fill the tender of a train en 
route with coal by dropping it vertically from a suitably constructed 
bunker. What should be the tractive force applied to the tender if it 
is to be loaded with 10 tons of coal in 2 sec and proceeds uni
formly for 10 min during this time? Neglect friction to the motion of 
the tender. 

171. Find the work done by a locomotive during the loading 
of the tender with a mass Am of coal (see the previous problem), 
and compare it with the kinetic energy received by the loading coal. 

172. A piece of uniform cable hangs vertically, so that the lower 
end just reaches a horizontal table. Show that, if the upper end is 
released, the pressure of the cable on the table at any instant during 
its fall will be three times the weight of the part of the cable already 
lying on the table. 

173. A ball falls vertically on to a wedge forming an angle of 45° 
with the horizontal. What will be the trajectory of the ball after 
striking the wedge? The surface of the wedge is smooth, the collision 
is complete elastic. 

174. Find the momentum p received by a wall when a body of 
mass m collides elastically with it; the velocity v of the mass forms 
an angle a with the normal to the wall. 

175. Find the change in kinetic energy AT and momentum Ap of 
a body, moving with velocity v, on elastic collision with a wall 
moving in the same direction uniformly with velocity u < v. What 
is the ratio u/v such that the body remains at rest on the wall? 

176. A body of mass mx collides inelastically with a body of mass 
m2. Find the fraction q of the kinetic energy lost if the body m2 was 
at rest prior to the collision. 
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177. A lift descends with constant speed. What will be the tension 
in the cable from which the lift is suspended at the instant when the 
cable drum suddenly comes to a complete stop? How will the 
tension vary after this? 

178. Calculate the maximum force T of the cable tension and its 
elongation (see the previous problem), if the coefficient of elasticity 
of the cable for the length at which the drum stoppage occurred is 
1 toncm- 1. The weight of the lift is 3 tons, its speed 10 msec- 1. 

179. A load of mass m hangs from a string of length /. Find the 
minimum height to which the load m must be raised in order for it 
to break the string when it falls, if the minimum static loading for 
breaking the string stretches it 1 % prior to breaking. Assume that 
the force exerted by the string on the load is proportional to the 
string tension right up to breaking-point. 

180. A ballistic pendulum is used for finding the speed of a shell. 
Its principle of operation consists in the shell whose speed is to be 
measured striking the bob of the pendulum (Fig. 41). Given the 
conditions of impact and the masses of the shell and pendulum, the 

w& 

FIG. 41 

speed v of the shell on collision can be determined from the angle of 
deviation a of the pendulum. Show how this is done for the follow
ing different cases: (1) the shell remains stuck in the bob after 
impact; (2) the shell rebounds after impact with speed v'; (3) the 
shell falls down, having lost its speed. The mass of the bob is M kg 
and the mass of the shell m kg; the pendulum can be regarded as 
ideal, its length being /. 

181. Two spherical bobs, masses ml9m2, hang freely from strings 
of different lengths ll9 l2, so that the bobs are in contact. The first 
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bob is pulled through an angle a from its initial position in the plane 
of the strings and then released. A central collision of the spheres 
occurs. What are the angles at, α2 of deviation from the vertical of 
the bobs after impact (the angles are assumed small and the impact 
elastic)? 

182. A small body slides from a height h down a smooth plane 
inclined at 45° to the horizontal. How will the body move if, at the 
end of the plane, it encounters (1) a completely elastic horizontal 
plane, (2) an inelastic but smooth horizontal plane? 

183. A box containing sand stands on an inclined plane; the 
coefficient of friction k of the box and plane is equal to the tangent 
of the angle a of inclination of the plane. A body falls vertically 
downwards into the box and remains there. Will the box move after 
the body has fallen into it? 

184. The last truck gets uncoupled from a train travelling at 
constant speed and traverses a distance / before coming to rest. 
What will be the distance from the train to the wagon at the instant 
when the latter comes to rest, if the locomotive traction is constant, 
and the friction of each part of the train is independent of its speed 
and proportional to its weight? 

185. A boat of mass M has a man of mass m standing on it and 
is at rest in a calm sea. The man starts to move along the boat 
with speed u relative to the boat. What will be the speed w of the 
man relative to the water? At what speed v will the boat now move 
relative to the water? Neglect the resistance of the water to the 
movement of the boat*. 

186. Let the man traverse a distance / along the boat (see the 
previous problem). What will be the displacement S1 of the boat 
and S2 of the man relative to the water? 

187. Let the man on the boat (see Problems 185 and 186) start to 
run along it with acceleration a relative to the boat. With what 
accelerations a1 and a2 respectively will the man and boat now 
move relative to the water? What is the force F exerted by the 
running man on the boat in a horizontal direction? 

188. Two men of the same mass m are standing at opposite 
ends of the boat described in Problem 185 and throw a ball of 

* The law of conversation of momentum must be applied in vector form 
when solving Problems 185-189. 
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mass Am to one another. The speed of the ball relative to the water 
is u. Find (1) the speed of the boat v during the time the ball is in 
the air; (2) the displacement Sx of the boat and S2 of the ball re
lative to the water after each throwing of the ball across the boat, 
if the path length of the ball is /. 

189. A particular form of the equation for the motion of a body 
of variable mass can be derived from a consideration of a simple 
case of the motion of a rocket. Let the rocket obtain its acceleration 
from the issue of a continuous gas jet, leaving the rocket at constant 
speed u relative to the rocket. The mass of gas issuing in unit time is 
μ, the mass of the rocket at a given instant is M. Find the equation 
of motion of the rocket. 

190. The theory of rockets for interplanetary travel was developed 
by K. E. Tsiolkovskii. He obtained the relationship connecting the 
absolute magnitudes of the rocket velocity v and the issuing gas 
velocity u with the initial mass M0 of the rocket and the mass of the 
rocket at a given instant M. Find this relation by using the results 
of the previous problem. 

191. A reactive vessel of mass M is set into motion by a pump, 
which takes water from the river and ejects it behind the stern of the 
vessel. The velocity of the water jet relative to the vessel is constant 
and equal to ir, whilst the mass of water ejected by the pump per 
second is also constant and equal to μ. (1) Find the absolute mag
nitude of the velocity v of the vessel as a function of time ; (2) find the 
efficiency η of the system as a function of u and v. Find the maxim
um of the expression for the efficiency. Neglect friction forces in the 
pump and the resistance of the water to the movement of the vessel. 

§6. DYNAMICS OF A P O I N T PARTICLE 
IN CIRCULAR MOTION 

192. Find the force P with which a truck of mass m, moving with 
velocity v, presses on a bridge in each of the following cases: (1) a 
horizontal bridge; (2) a convex bridge (Fig. 42); (3) a concave 
bridge. (In cases (2) and (3) find P for the highest and lowest point 
of the bridge). 

193. A ball of mass m slides from a height h down the smooth 
inner surface of a bowl in the form of a paraboloid of revolution 
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mass Am to one another. The speed of the ball relative to the water 
is u. Find (1) the speed of the boat v during the time the ball is in 
the air; (2) the displacement Sx of the boat and S2 of the ball re
lative to the water after each throwing of the ball across the boat, 
if the path length of the ball is /. 

189. A particular form of the equation for the motion of a body 
of variable mass can be derived from a consideration of a simple 
case of the motion of a rocket. Let the rocket obtain its acceleration 
from the issue of a continuous gas jet, leaving the rocket at constant 
speed u relative to the rocket. The mass of gas issuing in unit time is 
μ, the mass of the rocket at a given instant is M. Find the equation 
of motion of the rocket. 

190. The theory of rockets for interplanetary travel was developed 
by K. E. Tsiolkovskii. He obtained the relationship connecting the 
absolute magnitudes of the rocket velocity v and the issuing gas 
velocity u with the initial mass M0 of the rocket and the mass of the 
rocket at a given instant M. Find this relation by using the results 
of the previous problem. 

191. A reactive vessel of mass M is set into motion by a pump, 
which takes water from the river and ejects it behind the stern of the 
vessel. The velocity of the water jet relative to the vessel is constant 
and equal to ir, whilst the mass of water ejected by the pump per 
second is also constant and equal to μ. (1) Find the absolute mag
nitude of the velocity v of the vessel as a function of time ; (2) find the 
efficiency η of the system as a function of u and v. Find the maxim
um of the expression for the efficiency. Neglect friction forces in the 
pump and the resistance of the water to the movement of the vessel. 

§6. DYNAMICS OF A P O I N T PARTICLE 
IN CIRCULAR MOTION 

192. Find the force P with which a truck of mass m, moving with 
velocity v, presses on a bridge in each of the following cases: (1) a 
horizontal bridge; (2) a convex bridge (Fig. 42); (3) a concave 
bridge. (In cases (2) and (3) find P for the highest and lowest point 
of the bridge). 

193. A ball of mass m slides from a height h down the smooth 
inner surface of a bowl in the form of a paraboloid of revolution 
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with vertical z axis. The equation of the paraboloid is z = k(x2 + y2). 
Find the acceleration a of the ball and the force F it exerts on the 
bottom of the bowl at its lowest point. 

194. With what initial velocity v0 must a bullet travel from a gun 
in a horizontal direction in order for it to go round the earth with
out dropping on to it? What will be the acceleration of the bullet in 
this case? (The radius of the earth R « 6-4 x 103 km). 

Mm / mm. 

Or 

FIG. 42 

195. Let a shot be fired from a gun at an angle to the horizontal, 
and let the initial velocity of the bullet be less than that obtained 
in the previous problem. What will the trajectory of the bullet be in 
this case and what will its acceleration be? (Neglect the air resistance 
to the motion of the bullet.) 

196. A trolley of mass m slides without friction down a concave 
track of the shape illustrated in Fig. 43. (1) What is the minimum 
height H from which the trolley must start sliding in order for it 
not to leave the track throughout its length? (2) What forces act 
on the trolley at the highest point B of the loop? (3) What is the 
motion of the trolley if it slides from a height less than H ? (When 
solving the problem, assume that the trolley wheels are of small 
size and small mass, and neglect their rotatory motion.) 

197. What minimum coefficient of sliding friction k is required 
between the tyres of a car and the asphalt in order for the car to go 
round a bend of radius E = 200 m at a speed v = 100 km hr~ *? 
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198. When going round a bend radius R, a cyclist inclines in
wards to the bend so that the angle between the plane of the cyclist 
and the earth is a. Find the velocity v of the cyclist. 

FIG. 43 

199. A string of length / with a weight m at the end is fastened to 
a Γ-shaped support on the axis of a centrifugal device (Fig. 44). 
(1) What is the angle of inclination a of the string from the vertical 

FIG. 44 

if the centrifugal device rotates with angular velocity ω? (2) What 
is the tension T in the string in this case? (3) Will the string show a 
discontinuity of direction when the device rotates, if a small weight 
is fastened to the centre of the string). 
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Consider questions (1) and (2) for these two cases: (1) for small 
angles of inclination of the string from the vertical, corresponding 
to low angular velocity of rotation of the centrifugal device; (2) for 
arbitrary angular velocity of rotation of the device. The trigono
metric equations obtained in the second case for the angle a should 
be solved graphically. 

200. A ball of radius R hangs on a thread of length / and touches 
a vertical cylinder of radius r, mounted along the axis of a centri
fugal device (Fig. 45). At what angular velocity of the device will 
the ball cease to apply pressure to the cylinder wall? 

FIG. 45 

201. A body is weighed on a spring balance in the wagon of a 
train travelling round a bend in the track which is banked in the 
usual way. The balance shows an n per cent increase in weight of the 
body as compared with the reading obtained in the train when trav
elling at constant speed in a straight line. The balance can revolve 
freely about its support point and remains hanging at right angles to 
the floor of the wagon when rounding the bend. Find the radius of 
curvature R of the track, if the train is travelling at speed v. 

202. When an aeroplane loops the loop, the force acting on the 
wing differs from the loading in horizontal flight. 

Suppose an aeroplane, weighing 3/4 ton, loops a loop of radius 
R = 125 m, travelling at a speed 120 km hr"1. Find the maximum 
loading on the wings. Find the position along the trajectory at 
which the loading is a maximum. 
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203. An aeroplane loops a loop of radius R = 100 m, travelling 
at v = 280 km hr~1. What will be the pressure of the pilot's body, 
weighing 80 kg, on the pilot's seat at the highest and lowest points 
of the loop? 

204. A pendulum is hanging in an aeroplane that loops the loop. 
Find the direction of the pendulum at the various points of the 
loop for different aircraft speeds v and a loop radius JR. 

205. A load of mass M can slide without friction along a rod a, 
mounted perpendicularly to the axis of rotation of a centrifugal 
device (Fig. 46). The axis of the device is vertical, and a string is 
threaded through it, from which is suspended a load of mass m; 
the string passes round a pulley c and its other end is attached to the 
load M. Find the position of the mass M on the rod a when the 
centrifugal device rotates with angular velocity ω. 

I 

FIG. 46 

206. In the previous problem, the axis of the centrifugal device 
intersects the horizontal rod a. What will the answer be if they do 
not intersect? 

207. What will be the position of the mass M on the rod, if the 
entire device described in Problem 205 (Fig. 46) is given a rotation 
of angular velocity ω, after which the device is disconnected from 
the drive of the centrifugal machine? Will the mass M have a stable 
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position on the rod? The moment of inertia of the device can be 
neglected by comparison with the moment of inertia of the mass 
M. Take no account of friction in the bearings of the device. 

208. What may be the position of the mass M in the previous 
problem if the moment of inertia J0 of the device itself cannot be 
neglected? 

209. The rod of a device similar to that described in Problem 205 
carries two masses m1 and m2 to one side of the axis of rotation; 
these masses are tied together by a string of length L. The mass m1 
nearer to the axis is joined by a thread of length R to the axis of 
rotation. Find the tensions in the strings, given the angular velocity 
ω of the device. 

210. In the device described in Problem 205, a spring, instead of 
the mass m, is attached to the string, the other end of the spring 
being rigidly fixed. Given an angular velocity ω of the device, what 
must be the properties of the spring for the mass M, to be in 
equilibrium at any distance from the axis of rotation? There is no 
tension in the spring when the mass M is on the axis of rotation. 

211. In the device described in Problem 205, a mass M = 100 g 
is connected by a spring with the axis. What is the coefficient of 
elasticity of the spring k, given that it is extended 50 per cent of 
its original length when the angular velocity of rotation ω = 
120 r. p. m.? 

212. In the device illustrated in Fig. 47, the triangle CD E ro
tates about a vertical axis AB with angular velocity ω. A small 
coupling K can slide without friction along the rod CD which forms 
the hypotenuse of the triangle. What will be the position of ΚΊ 

213. The board of a swing with people sitting on it weighs P kg. 
What is the maximum tension T in the ropes, if the swing is pulled 
45° from its equilibrium position then allowed to swing? 

214. On bends of a railway track the outer rail is slightly raised 
by comparison with the inner. Explain why this is done and cal
culate the necessary angle of slope of the rail bed. 

215. A room that revolves about a vertical axis is occasionally 
arranged as an attraction. The floor of the room has a concave 
shape. During rotation, all the objects and people present stand 
on the floor as on a plane, normal to its surface and in a stable 
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position. Find the shape of the floor if the angular velocity of the 
rotation is ω. 

216. A small ball hangs like a bob from a string of length L9 
which is attached at the other end to the point O (Fig. 48). The bob 
is lifted to the right to the horizontal position 1 then released. At 
the point B, located at a distance \L from the point O, there is a 
nail on which the string catches as it returns to the vertical position 2. 
Find: (1) the angle a to the vertical formed by the bob string at the 
instant when its tension becomes zero ; (2) the velocity v of the ball 
at this point of its trajectory; (3) the geometrical curve of the bob 
trajectory after the string tension has become zero. 
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217. The daily rotation of the earth leads to a deviation of 
artillery shells and rifle bullets from the original direction of firing, 
specified in a horizontal plane with respect to the earth's orientation. 
Calculate the transverse displacement x of a bullet, fired in the 
meridian plane in a horizontal direction, after it has been travelling 
for one second. The shot is fired at the latitude of Moscow (55°45'), 
the initial speed of the bullet is 1000 msec-1. Find the direction in 
which the bullet deviates if the rifle barrel was directed southwards 
at the instant of firing. Neglect the air resistance to the bullet. Solve 
the problem in a coordinate system fixed in the earth. 

218. A locomotive weighing 100 ton is travelling from south to 
north at a speed v = 72 km hr~ * at a latitude 60° N, along a railway 
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laid along the meridian. Find the magnitude and direction of the 
force that the locomotive exerts on the rails in a direction perpendi
cular to the path of the train 

219. A train weighing 100 ton is travelling from west to east at a 
speed v = 72 km hr~1 at latitude 60° N, along a railway laid along 
the geographical parallel of the point in question. Find the magni
tude and direction of the vertical and horizontal components of the 
Coriolis force acting on the train. 

220. The daily rotation of the earth causes a deviation of falling 
bodies to the east. Find the distance x to which a body, falling 
freely from a height A = 100 m at the equator, deviates on the 
earth's surface from the radius of the earth that passes through the 
initial position of the body. Solve the problem in a coordinate 
system fixed in the earth. 

221. Solve the previous problem by using a coordinate system 
not fixed in the rotating earth, but in the solar system instead. It 
is recommended that two methods be used: (1) direct application 
of the laws of dynamics to the falling body and (2) application to 
the body of the law of conservation of angular momentum. What 
change is there in the result if the experiment is carried out at a 
point at the geographical latitude φΐ 

222. The earth's rotation causes a deviation in the surface of the 
water in rivers from the horizontal position. Calculate the slope of 
the water surface in a river with respect to the horizontal at latitude 
φ: the river flows from north to south. 

§7. D Y N A M I C S OF A R O T A T I N G R I G I D BODY. 
D Y N A M I C S OF A SYSTEM 

223. Find the accelerations of the loads and the tension in the 
string in the device illustrated in Fig. 49, taking into account the 
moment of inertia / of the rotating pulley, on the assumption that 
there is no slip between string and pulley. Find the stress in the 
support A if the mass of the pulley is M. 

224. A uniform cylinder of mass M and radius R (see Fig. 50) 
rotates without friction about a horizontal axis under the action 
of the weight of a load P, fixed to a fine string wound on to the 
cylinder. Find the angle φ through which the cylinder rotates as a 
function of time, if φ = 0 and φ = 0 at t = 0. 
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225. Imagine that the load P (see the previous problem) consists 
of two equal parts, connected by a string. Find the tension T in 
this string. 

226. Two fine strings, loaded by masses m1 and m2 (Fig. 51) are 
wound in opposite directions round a stepped cylindrical pulley. 
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Find the angular acceleration of the pulley and the tensions Tx and 
T2 in the strings, taking account of the moment of inertia / of the 
pulley. 

227. A model of a capstan is clamped to one scale of a balance 
(Fig. 52). A string carrying a load of mass m is wound round the 
capstan, the moment of inertia of which is / . The scales are bal
anced whilst the capstan is braked and the string is not unwinding. 
What change must be made in the weights in the second scale of the 
balance in order to re-establish the equilibrium when the capstan 
rotates due to the load being allowed to fall downwards? 

228. Under what conditions do the scales achieve a balance in the 
device described in the previous problem, when the load on the 
model capstan moves upwards due to the inertia of the untwisting 
flywheel? 
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229. The arrangement of a demonstration device (Maxwell 
disc) is illustrated in Fig. 53. A solid disc of radius R and weight P 
is rigidly fixed to a shaft of radius r. The shaft and disc are made 

FIG. 52 

from the same material, the weight of the parts of the axis pro
jecting from the disc being/?. The device is suspended from a support 
with the aid of strings of equal length attached to the shaft. The 
strings are wound up symmetrically on the shaft so as to raise the 
disc, then the latter is allowed to fall freely. Find the acceleration 
with which the disc drops. 
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230. Find the acceleration a of the falling disc described in the 
previous problem if a mass m = 314 g is suspended by strings 
from a rod passing freely (without friction) through a hole inside 
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the shaft (Fig. 54). The disc dimensions are indicated in the sketch; 
the disc and shaft are made of steel (specific weight 8 gem- 3). The 
weight of the strings and axis are neglected. 

231. What is the acceleration a with which a coil of mass M and 
moment of inertia J relative to the axis of symmetry falls, if it is 
suspended in the same way as the disc and shaft in Problem 229 
(Fig. 55). Two further strings are wound on the coil, and from these 
a load of mass m is suspended. Find the tension in the strings. 
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232. Given two identical discs of devices as described in Pro
blem 229, find the accelerations with which they fall if one is sus
pended from the other as shown in Fig. 56. The moment of inertia 
of the disc and shaft relative to the disc axis is / , the mass of the 
disc and shaft is m, the radius of the shaft on which the string is 
wound is r. 

233. A solid uniform disc rolls without slip down an inclined 
plane forming an angle a with the horizontal. Find the linear 
acceleration a of the centre of the disc. 

234. Find the acceleration a of the centre of a uniform sphere 
rolling without slip along an inclined plane, forming an angle a with 
the horizontal. What is the friction force between the sphere and 
plane? 
UP I. 4 
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235. Find the kinetic energy T of a hoop of mass M that rolls 
without slip; the thickness of the hoop can be regarded as very 
small compared with its radius. 

236. A solid uniform cylinder of mass 300 g rolls without slip 
down an inclined plane forming a = 30° with the horizontal. Find 
the friction force between the cylinder and plane. 

'/////////////////////, 

FIG. 56 

237. What coefficient of friction k is required if a uniform cy
linder rolls without slip down an inclined plane forming an angle a 
with the horizontal? 

238. A solid cylinder and solid sphere of the same radii start to 
roll down an inclined plane simultaneously from the same level. 
(1) Which body will have the greater speed at a given level? (2) How 
much greater? (3) What will be the ratio of their speeds at a given 
instant? 

239. Which of the shapes of the end of a shaft, illustrated in 
Fig. 57(a), (b) (with equal pressures on the bearing and equal speeds 
of rotation) is the more suitable from the point of view of less 
friction loss from rotation of the shaft in the bearing. (Friction 
about the side walls can be neglected.) 

240. A string is attached to a truck standing on a horizontal 
plane and passes round a pulley fastened to the edge of a table; a 
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load of mass m3 = 500 g is attached to the end of the string. Find 
the acceleration a of the truck, given that the mass of the body of the 
truck is m1 = 1-4 kg, the mass of each wheel is m2 = 400 g and 
the wheels are solid discs. The wheels roll without slip over the 
surface of the table, and there is no rolling friction. 

241. A coil of rope lies on a horizontal table. What is the ac
celeration of the axis of the coil if it is pulled by the rope with a 
force F (Fig. 58)? How should the rope be pulled for the coil to 
move in the direction of the rope? (The coil moves without slipping 
over the surface of the table). Find the friction force between the 
coil and table. 

^7///////y 
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FIG. 57 

242. A roller consists of a solid cylinder of radius R and mass M1 
(Fig. 59) and a frame of mass M2. A mass M3 is attached to the 
frame by a string. The entire system rests on an inclined plane form

ing an angle a with the horizontal. Find the acceleration a of the 
system, given that the coefficient of friction between the body M3 
and the plane is k. (The roller rolls without slip). How should the 
system be arranged — with the mass M3 in front and the roller 
behind (as shown in the figure), or vice versa, in order for the string 
to be stretched during the motion? 
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243. A thin heavy uniform rod of length / hangs from a hori
zontal axis passing through one end. What initial angular velocity ω 
must the rod be given in order for it to rotate through 90°? 

244. Find the angular momentum N of the earth relative to its 
polar axis. Assume that the earth is a sphere of radius R = 6000 km, 
of density d = 5*5 gem-3. 

FIG. 59 

245. What torque must be applied to the earth in order for its 
rotation to stop after 100,000,000 years (a year = 366-25 "stellar" 
days). 

246. A man of mass m stands on the edge of a freely rotating 
fairly large horizontal disc of radius JR and moment of inertia / . 
The disc does n r.p.m. How does the speed of rotation of the disc 
vary if the man goes from the edge to the centre? How does the 
energy of the system vary in this case? Neglect the dimensions of the 
man compared with the radius of the disc. 

247. A man of mass m stands on a uniform horizontal disc of 
mass M and radius R which is at rest. The disc can be rotated with
out friction about a vertical axis through its centre. The man starts 
to move at a certain instant. What is the angular velocity of the disc 
ω, when the man goes along a circle of radius r concentric with the 
disc, with velocity v relative to the disc? 

248. An experimenter stands on a special stool and holds in his 
hands the vertical axis of a freely rotating wheel, having the moment 
of inertia /x relative to this axis AA (Fig. 60). The wheel rotates in a 
horizontal plane with angular velocity ω1. The stool is so made that 
it can rotate freely about a vertical axis. The moment of inertia of 
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the stool and experimenter about the vertical axis is J2. The axis of 
the wheel and axis of the stool lie along a straight line. What is the 
change AEk in the kinetic energy Ek of the entire system of stool and 
wheel, if the experimenter revolves the wheel axis through (1) 180°, 
(2) 90°? 

249. A cylindrical rod of length 2/ and weight/? is attached at its 
mid-point to the end of a long wire, so that it is perpendicular to the 
wire. Two identical solid spheres are attached to the ends of the rod, 
so that the geometrical axis of the rod passes through their centres. 
Each sphere is of radius R and weight P. The twisting moment M 
of the wire is proportional to the angle a through which it is twisted, 
i.e. M = lex. Express the angular acceleration dœjdt of the system 
as a function of the given magnitudes and the angle of twist α, if the 
wire was first twisted and then the system left to itself. 

250. With what part of a sabre should a stick be slashed in order 
not to feel the impact on the hand? Regard the sabre as a uniform 
lamina of length /. 

FIG. 60 

251. A thin square uniform lamina of mass m0 can rotate freely 
about a vertical axis (Fig. 61). A sphere of mass m, moving with 
speed v9 strikes the plate normally at the point A, which is 2a/3 
from the axis. How do the plate and sphere move after impact. 
which occurs according to the law of elastic collision. 

252. A uniform pine beam of mass M (density 0-2 gem-3), the 
dimensions of which are shown on the figure, can revolve freely 
about the axis AB (Fig. 62). The beam is struck horizontally at the 
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point O by a moving body of mass m = 10 kg. What is the speed 
v of the body if the beam deviates through an angle φ = 28° and the 
body falls at the point of collision? 

253. A coupling piece weighing p = 100 g is fixed rigidly round 
the axis of a smooth horizontal rod that rotates about a vertical 
axis with constant angular velocity ω = 40rcsec-1. 

FIG. 61 

The coupling piece is freed at a certain instant, and slides without 
friction along the rod. Find the distance* of the coupling from the 
axis of rotation at any instant t. What moment M must be applied 
to the rod for it to continue its uniform rotation? At the initial in
stant the centre of gravity of the coupling is at a distance a0 = 2 cm 
from the axis. 

254. A solid cylinder of radius R, mass m, on which a string is 
wound, lies on two parallel horizontal beams. A force F9 equal to 
half the weight of the cylinder, is applied to the end of the string 
that hangs down (Fig. 63). Find the horizontal acceleration of the 
cylinder and the minimum value of the coefficient of friction be
tween the cylinder and beams such that rolling occurs without slip. 
The axis of the cylinder is perpendicular to the beams, its centre of 
gravity and the force F lie in the vertical plane through the mid
point between the beams. 
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255. A load of mass M is attached to the end of the string wound 
on a cylinder (as in Problem 254). The string passes round a pulley 
as shown in Fig. 64. Find the acceleration of the load M. Discuss 
the conditions in which the cylinder will slip when it rolls. The 
weight of the string and pulley, and the friction at the pulley axis, 
can be neglected. Assume that the motion of the cylinder is always 
plane-parallel. 

FIG. 63 ψ 
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FIG. 64 

256. Two rollers, connected by a rod S, roll without slipping 
down a plane inclined at 30° to the horizontal (Fig. 65). The rollers 
have the same mass m = 5 kg and the same radii R = 5 cm, the 
moment of inertia of the first is J1 = 80 kgcm2, and of the second 
J2 = 40 kgcm2. The masses of the roller frames and rod can be 
neglected. Calculate the angular acceleration with which the rollers 
roll without slipping down the plane. Find the force transmitted by 
the rod, if the roller with the greater moment of inertia moves in 
front, and vice versa. 

FIG. 65 

257. A cylinder, radius R, mass m3, can rotate freely about an 
axis, which is in turn fixed to a support of mass m1. A string wound 
round the cylinder is attached to a body of mass m%. Find the ac* 
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celerations of masses m1 and m2 and of the cylinder in the following 
conditions. (1) A horizontal force F is applied to the mass m2 
(Fig. 66) and there are no friction forces. (2) The same conditions, 
except for the presence of friction between the plane and the bodies 
m1 and m2. Neglect friction at the cylinder axis. (3) A horizontal 
force Fis applied to the point A and the mass m2 removed; find the 
the accelerations of the mass m1 and the cylinder. Assume that the 
motions of all the bodies are in a plane. 

m3 
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FIG. 66 

258. A familiar method of distinguishing between a raw egg and 
a hard-boiled one is simply to try spinning it on a table. The hard-
boiled egg spins for a long time, whilst the raw one will not spin. 
Explain the basis of this method. 

259. The friction between an axle and an oiled bearing is prim
arily determined by the motion and internal friction of the liquid 
in the oil layer. 

In N.P. Petrov's hydrodynamic theory of lubrication the follow
ing expression is given for the moment of the friction forces acting 
per unit length of the rotating axle: 

M = 2πμα2ω\δ, 

where μ is the viscosity of the lubricating liquid, a is the radius of 
the axle, ω is its angular velocity and δ is the thickness of the layer. 
Use this expression to find the law of rotation of a rotor, the shaft 
of which is secured in bearings ; there are no other external moments 
acting on the rotor. 

260. A solid cylinder of radius R = 10 cm and weight P is given 
a rotation about its axis with angular velocity ω = 600 rev sec" *. The 
rotating cylinder is placed on a horizontal plane and left to itself. 
Its starts to move along the plane, the coefficient of sliding friction 
between the cylinder and plane being 0-1. Determine the time T 
that elapses prior to the motion of the cylinder transforming to 
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pure rolling without slip. The sliding friction is assumed independent 
of velocity, whilst rolling friction is absent. What will be the 
cylinder acceleration when t > Γ? 

261. A solid cylinder whose axis is horizontal moves without 
rotation over a smooth horizontal plane in the direction perpendicu
lar to its axis. At a certain instant it reaches a boundary, where the 
surface becomes rough and causes a constant (speed-independent) 
sliding friction, whilst rolling friction is absent. What is the motion 
of the cylinder after reaching the boundary? How is the kinetic 
energy of the translational motion of the cylinder distributed? 

262. A body B (Fig. 67) is placed on top of a body A, situated 
on the horizontal surface of a table. What horizontal force F must 
be applied to the body A, in order for body B to slide from the sur
face of body A. The coefficient of friction between the body A and 
the table is μ1, and between bodies A and B is μ2. The masses of the 
bodies are mA, mB. 

F 

FIG. 67 

263. Find the horizontal component of the acceleration a2 of the 
body and the acceleration ax of the wedge (Problem 117, Fig. 26) 
under the following conditions. (1) Friction is present between the 
body and the wedge (coefficient of friction μ), but not between the 
wedge and the plane. (2) There is no friction between the body and 
the wedge, but between the wedge and the plane there is friction 
with coefficient//. (3) Find the maximum coefficients of friction at 
which motion of the wedge and body will take place. 

264. A rectangular prism stands on a rough board, lying on a 
horizontal table (Fig. 68). What is the minimum acceleration amin 
with which the board must start to move along the table, for the 
prism to tilt over backwards (relative to the direction of motion of 
the board) about its lower back rib? Find the value N and co
ordinate x of the point of application of the vertical component of 
the force which the board exerts on the prism when the board moves 
with acceleration a. 
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Solve the problem in two coordinate systems, fixed to the board 
and to the table. 

265. A car with a track width 2b and centre of mass at a height h 
above the ground travels round a horizontal bend of radius R. 
(1) Show that, when the speed of the car is v > y/bRg/h, it turns 
over unless the wheels slide in a direction perpendicular to the car's 
motion. (2) Assuming that the speed of the car is sufficient for it 
to be capable of turning over, find the minimum coefficient of 
friction between the wheels and the road surface at which this can 
occur. 
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FIG. 68 

266. A cylinder stands on a horizontal rotating disc. Find at 
what angular velocity ω the cylinder falls off the disc, if the distance 
between the axes of the disc and cylinder is R, and the coefficient 
of friction μ > DJ h, where D is the diameter of the cylinder and h 
is its height (Fig. 69). 
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267. A asks B to explain the following difficulty. 
A — I understand how acceleration is communicated to a bicycle, 

but I do not understand how it is communicated to a locomotive. 
I picture the production of the force acting on the bicycle frame 
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as follows: the action of the drive-chain on the rear wheel can be 
looked on as a force directed forwards and applied to the wheel at 
some point above the axis (Fig. 70). This force turns the wheel about 
an instantaneous axis through the point C, i.e. the point of contact 
of the tyre with the road, so that the wheel pushes the axis forwards 
and communicates motion to the entire machine. Is this right? 

B —Yes. But you have not considered everything. 
A — A locomotive can be considered in the same way, except 

that a locomotive has drive-gear instead of a chain, which makes 
a radical difference. For, when the point of application of the force 
from the drive-gear to the wheel is above the axle, the piston force 
pulls the wheels forwards, and here, as in the case of a cycle, the 
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FIG. 70 

wheel pushes the locomotive forwards. But after half a revolution 
the point of application of the force is below the axle, and the force 
is directed backwards. Arguing as above, we arrive at the conclu
sion: the wheel pushes the locomotive backwards. So how does the 
locomotive go forwards? 

B — All your arguments about the forces acting on the wheel are 
correct, but. . . 

Discuss this problem. 
268. Find the force/, acting from the rail on the wheel (see the 

answer to Problem 267), at the instants when the point at which the 
wheel is joined to the drive-gear (pin) is above (or below) the axle. 
Given: The piston force ß, the wheel radius R and the distance from 
the axle to the piston axis r. 

269. Find the angular velocity of precession of an inclined top, 
precessing under the action of gravity. The top has moment of 
inertia /, angular velocity of rotation ω, distance from the support 
point to the centre of mass of the top /. In which direction does the 
top precess? 
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270. Calculate the moment M of the gyroscopic forces acting on 
the shaft from the propeller if an aeroplane flying at u = 300 km hr~1 

makes a turn of radius R = 100 m. The moment of inertia of the 
propeller is / = 7kgm2, and the propeller turns at N = 1000 r. p. m. 

271. A planet moves round the sun in an ellipse, the sun being 
at one of the foci. Show that the angular momentum of the planet 
relative to the sun is constant. 

272. Use the results of the previous problem to show that the 
angular momentum of a planet about the sun can be written as 
N = [r x mv] = 2ma = const, where m is the mass of the planet, 
and σ is the areal velocity of the planet. The areal velocity of 
a planet is defined as the area described by the radius vector of the 
planet per unit time. 

§8. GRAVITY 

273. Find the acceleration g due to gravity on the earth's surface 
from the following data : the mean radius of the earth R « 6400 km ; 
the mean density of the earth d = 5-4 gem-3, the gravitational con
stant y = 6-7 x 10~8 cm3g_1sec~2. 

274. Find the acceleration g due to gravity at a height 20 km 
above the earth, taking the acceleration due to gravity at the earth's 
surface as g = 981 cm sec-2, and the radius of the earth R « 6400 km. 

275. Find the acceleration due to gravity on the moon gMif its 
radius is 1738 km, and the mean density is 0-6 times the density of 
the earth. 

276. Calculate the acceleration a of a freely falling body on to the 
surface of the sun, if R « 150 x 106 km is the radius of the earth's 
orbit, r « 7 x 105 km is the radius of the sun and T is the time 
taken for the earth to revolve round the sun. 

277. What acceleration a is communicated by the sun to bodies 
situated on the earth? 

278. A pendulum that performs 3601-4 vibrations in an hour in 
Leningrad, performs 3600-0 vibrations in the same time in Moscow. 
By how much do the accelerations of freely falling bodies differ in 
these two cities? 

279. How would the running of a pendulum clock differ on the 
moon, as compared with on the earth? 
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280. Jupiter takes 12 times as long as the earth to revolve round 
the sun. What is the distance in kilometres from Jupiter to the sun, 
if the distance of the earth from the sun is 150 x 106 km. Regard 
the orbits of the planets as circular. 

281. Find the acceleration gs due to gravity on the surface of the 
sun, given that the length of the terrestrial year is T, the distance 
from the earth to the sun is R ( « 8-3 light minutes) and the angle 
subtended by the diameter of the sun is a (« 32'). 

282. Find the distance D of a planet from the sun, given that the 
mass of the sun is M9 the period of revolution of the planet about 
the sun is T and the gravitational constant is γ. 

283. The moon does a complete revolution about the earth in 
time T = 27 days and 7 hours. The radius of its orbits is 60 times 
the earth's radius. Find the acceleration due to gravity g on the 
earth. (The radius of the earth R « 6400 km.) 

284. Find the potential energy of a body (point) of mass m at 
different distances R from the centre of the earth. Regard the po
tential energy at an infinitely great distance as zero. 

285. Find the velocity v of an artificial earth satellite in a circular 
orbit of radius R. Express v in terms of R, the radius of the earth R0 
and the acceleration due to gravity g on the earth's surface. 

286. Find the radius JR of the orbit of a "stationary earth satel
lite". A satellite is said to be stationary if it moves in a circular orbit 
round the earth in such a way that one revolution takes 24 hours. 
A stationary satellite moving in the plane of the equator in the 
direction of rotation of the earth will remain fixed relative to it. 
Express R in terms of the earth's radius R09 the angular velocity ω 
of the earth's rotation and the acceleration g due to gravity on its 
surface. 

287. Two shots are fired with the same speed v0 from a tower 
at a pole of the earth. The initial speed of the first short is directed 
so that the shot moves along the radius of the earth; the initial 
speed of the second is perpendicular to the radius of the earth, and 
it moves along an elliptic trajectory. Which shot reaches the greater 
distance from the earth? Find the ratio RxlR2 of the maximum 
possible distances from the earth's centre of the first and second shots 
respectively. The speed v0 > y/gR0 = vciTC, where voiTC is the speed 
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of an earth satellite in a circular orbit (theoretical) with the radius 
of the earth R0. Neglect air resistance to the shots and assume that 
only the gravitational field of the earth acts on the shots. 

288. Two sputniks are fired into elliptic orbits from a point on the 
equator: the first in the direction of rotation of the earth, the second 
in the opposite direction. What are the maximum distances Rx, R2 
of the sputniks from the centre of the earth, given that their initial 
horizontal velocities relative to the earth have the same magnitude 
i?o = 10 km sec-1? Find the distances in terms of the earth's radius R0. o 

FIG. 71 
289. Determine the second cosmic velocity, i. e. the velocity that 

must be communicated to a body for it to travel to an infinite dis
tance from the earth. What must be the direction of the velocity 
relative to the vertical? 

290. The maximum distance of the comet Gallea from the sun 
is h = 35-4, its least distance / = 0-59 (taking the distance of the 
earth from the sun as unit). The linear velocity of the comet is 
Vl = 0-91 km sec-1 at its point of maximum distance from the sun 
at the aphelion. What is the linear velocity v2 of the comet when 
it is closest to the sun at the perihelion? 

291. Prove that the force of gravity at any point A (Fig. 71), 
situated inside a cavity of a uniform spherical layer of gravitational 
matter, is zero. The mass is distributed uniformly between the two 
concentric spherical boundaries of the layer. 

292. If we regard the earth as a sphere in which gravitational 
matter is distributed, the gravity force acting on a body (point) of 
mass m, located inside the earth, i s / = mgr/Ro, where r is the 
distance of the point from the centre and JR0 is the earth's radius. 
Prove this, knowing that the gravity force outside a solid uniform 
sphere is proportional to its mass and inversely proportional to the 
square of the distance from the centre of the sphere. 
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293. Find the potential energy of a body (material point), situated 
in an imaginary vertical shaft through the centre of the earth. Re
gard the mass of the earth as distributed uniformly throughout the 
volume of the terrestrial sphere. 

294. A body falls from the surface of the earth into an imaginary 
vertical shaft through the earth's centre. Find the velocity of the 
body when it is close to the centre of the earth. Neglect friction with 
the shaft walls and air resistance to the motion of the body. 

295. Imagine a projectile of such dimensions that people and 
equipment can be accommodated inside it. Let the projectile travel 
in interplanetary space, with a certain acceleration due to the grav
itational field existing in this region of space. What will be registered 
by a spring balance in the projectile, that has already been loaded on 
the earth? How can the mass of a body be measured during flight? 

296. What will the spring balance of the previous problem re
gister when a mass m is weighed, if the projectile gets into the at
mosphere of a planet and receives, in addition to the acceleration 
from the gravitational field, an acceleration a cm sec-2 due to the 
resistance of the atmosphere to the motion of the projectile? 

297. It is described in a book that, at a certain instant, the 
passengers in a rocket fired to the moon ceased to feel the presence 
of gravitational forces. When must this have occurred? 
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298. A simple analysis of mechanical motions enables us to dis
cover whether the rings of the planet Saturn are continuous forma
tions or accumulations of small satellites. All we need to know for 
this is whether the inner or outer edge of the ring moves the faster. 
What are the laws on which this analysis can be based? 

299. Four bodies A, B, C and D (Fig. 72), which can be regarded 
as material particles, rotating about a centre, always remain along 
the same straight line at a fixed distance from one another. Forces 
act between the bodies in accordance with Newton's law of universal 
gravitation. The masses C and D are equal and negligibly small by 
comparison with masses A and B, whilst the distance r is very small 
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by comparison with R. What further forces must be exerted from 
body B on to C and D in order for the distances between all the 
bodies to remain unchanged? 

300. The sun attracts a body on the earth with a certain force, 
which is directed at night in the same direction as the gravitational 
force of the earth on the body, whilst during the day it is in the 
opposite direction. Does this change of direction in the sun's grav
itational force cause a change in the weight of a body during twenty-
four hours? 

301. By analysing the results of the previous problems, explain 
the occurrence df tides caused by the gravitational attraction of the 
moon. Calculate the tide-forming force, or the diminution in the 
apparent weight of a body, when it is close to the line joining the 
centres of the earth and moon. 

302. Find the point on a straight line joining the earth and moon 
at which the intensity G of the resultant of the gravitational attrac
tions of the earth and moon is zero. The mass of the earth is roughly 
81 times that of the moon, and the mean distance between them is 
384,000 km. 

303. Neglecting the resistance of the atmosphere, find the mini
mum work that must be done in order to raise a mass of 1 kg from 
the surface of the earth to that of the moon. The radius of the earth 
is 6400 km and of the moon 1740 km; the acceleration due to 
gravity on the moon, caused by its own attraction, is 0-6 g, where 
g = 9*8msec-2 is the acceleration due to gravity on the earth's sur
face. Neglect the influence of the sun and other planets. 

§9. ELASTIC DEFORMATIONS 

304. The linear coefficient of thermal expansion of steel is 
12 x 10~6deg_1, Young's modulus E = 2 x 1012 in c.g.s. units. 
What pressure p must be applied to the flat ends of a steel cylinder 
for its length to remain unchanged when the temperature rises 
100°C? 

305. Could a cable consisting of a thin copper wire in a lead 
sheath be used for telephone connection to a captive balloon at a 
height of 300 m. The limit of strength of lead is 2 kgmm-2, its 
density is 11-4 gem-3. 
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at which the intensity G of the resultant of the gravitational attrac
tions of the earth and moon is zero. The mass of the earth is roughly 
81 times that of the moon, and the mean distance between them is 
384,000 km. 

303. Neglecting the resistance of the atmosphere, find the mini
mum work that must be done in order to raise a mass of 1 kg from 
the surface of the earth to that of the moon. The radius of the earth 
is 6400 km and of the moon 1740 km; the acceleration due to 
gravity on the moon, caused by its own attraction, is 0-6 g, where 
g = 9*8msec-2 is the acceleration due to gravity on the earth's sur
face. Neglect the influence of the sun and other planets. 

§9. ELASTIC DEFORMATIONS 

304. The linear coefficient of thermal expansion of steel is 
12 x 10~6deg_1, Young's modulus E = 2 x 1012 in c.g.s. units. 
What pressure p must be applied to the flat ends of a steel cylinder 
for its length to remain unchanged when the temperature rises 
100°C? 

305. Could a cable consisting of a thin copper wire in a lead 
sheath be used for telephone connection to a captive balloon at a 
height of 300 m. The limit of strength of lead is 2 kgmm-2, its 
density is 11-4 gem-3. 
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306. When laying tramway rails they are made equal to one 
another at the joints. How great are the stresses p appearing in 
them for temperature variations from t'2 = — 25°C in winter to 
t>2' = +30°C in summer, if the laying is done at tt = + 15°C? 
Young's modulus for iron E = 2 x 10-6 kgcm- 2, whilst the linear 
coefficient of heat expansion a = 1-25 x 10~5 deg-1. 

307. A steel cable that can support the weight of a lift cabin at 
rest has a diameter 9 mm. What must be the diameter of the cable 
if the lift cabin can have an acceleration of 8 g? 

308. What is the variation in the volume of an elastic uniform 
rod of length / under the action of a force P, which either com
presses or extends the rod lengthwise? 

309. What uniformly distributed load Q can be supported by a 
granite block if it is in the form of a regular hexahedron of side 
a = 10 cm and the permissible stress on the compressed face is 
p = 45 kgcm-2? 

310. What is the extension of an iron rod hanging from one end 
due to the action of its own weight? What is the change in its 
volume? 

f* 
FIG. 73 

311. A rod of length / is jointed to a wall at one end and is 
supported by two springs (Fig. 73) ; the spring at the end has a co
efficient of rigidity k1, and that at the middle rigidity k2. Find the 
extensions of the springs and the stresses in them under the action 
of a load P applied at the end of the rod. The rod is assumed abso
lutely rigid and weightless, whilst the springs are not extended in 
the absence of an external load. 

312. A load hangs from three ropes as shown in Fig. 74. The 
ropes are all made of the same material, and the two outer ones are 
UP I. 5 
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identical. Find the ratio of tensions in the rope material, if the de
formations on loading are extremely small. 

313. A load of weight P hangs from three ropes as mentioned 
in the previous problem (Fig. 74). Find the stresses in the ropes if 
they all have the same cross-section and are made of the same 
material. 

314. An absolutely rigid beam, to which a load P is attached, 
hangs from three ropes of the same length (Fig. 75). The ropes are 
made of the same material and have cross-sections St, S2 and S3. 
Find the stresses in the ropes Pl9 P2, P3, if they are equidistant 
from one another and the load is attached to the mid-point between 
two of them. Find the conditions in which all three ropes are 
strained. The weight of the beam can be neglected. 

315. A five-times safety factor for strength is chosen for rods. 
A steel rod with rectangular section (Fig. 76) has one end fixed into 
a wall. The ratio of height to width of the rod is 3:1. (1) What load 
P is permissible at the end of the rod, if its length is 15 cm, and 
width 5 mm? (Breaking tension in the material is 100 kgmm~~2.) 
(2) Find the sag λ on bending at permissible loading. Young's 
modulus E = 20,000 kgrnm"2. 
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316. The ends of a beam are clamped to supports (Fig. 77), one 
support being movable. Find the sag λ of the beam under the action 
of a force P, applied to the mid-point of the beam. The length of the 
beam is /, the modulus of elasticity of the material is E and the 
moment of inertia of the cross-section is / . Regard the beam as 
weigthless and the bending as small. 

y////////////////////////////, m 
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317. Solve Problem 311 assuming that the rod is elastic (Fig. 73). 
Young's modulus of the rod material is E and the moment of 
inertia of the cross-section / . 

318. The beam of a balance has a rectangular cross-section with 
sides a = 8 mm (horizontal) and b = 10 mm (vertical). The length 
of the beam is / = 250 mm. What is the maximum sag λ of the 
beam if the balance is designed for a maximum load P = 500 g, 
and Young's modulus for the material is 15,000 kgmnr*2. 

i l 
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319. A wooden square-section beam of length / = 4 m and side 
a = 40 cm rests with its ends on two supports and carries a load 
P = 2 ton at its centre. What is the sag λ if Young's modulus for 
the type of wood in question is 1000 kg mm-2? 

320. The ends of a copper pipe, the outer and inner diameters of 
which are D = 20 mm and d = 10 mm, rest on two supports, the 
distance between which is / = 400 mm. The middle of the tube 
carries a load P = 90 kg. Young's modulus for copper is 
E = IO4 kgmm~2. Find the sag λ of the pipe midway between the 
supports. 

321. A circular metal rod of radius R = 10 mm is clamped in a 
horizontal position by one end, and a load P = 1 kg is suspended 
from the other end. The length of the rod is / = 1 m. The rod bends 
due to the load, the sag being λ = 4 mm. What is Young's modulus 
E for the material of the rod? 

322. What change would there be in the expression for calculat
ing Young's modulus E± in the previous problem if the rod were 
clamped at both ends and the load placed at the middle. 

323. A rod of circular section is mounted vertically and clamped 
at its upper end. A horizontal pulley radius R = 50 mm is fixed to 
the lower end. The axis of the rod passes through the centre of the 



68 PROBLEMS 

pulley. Two strings pass tangentially from the ends of a diameter of 
the pulley, and are acted on by equal forces P = 5 kg, twisting the 
pulley in the same direction. Through what angle φ does the rod 
twist? The modulus of displacement of the rod material is 
N = 8000 kgmm - 2 , the rod radius is r = 5 mm, its length is / = 1 m. 

324. A disc of mass m kg is mounted eccentrically on a thin 
vertical shaft; the distance between the disc centre and the shaft 
axis is d mm. A horizontal force applied to the shaft at the position 
where the disc is fixed is known to produce a deformation pro
portional to the force. The coefficient of proportionality is A: kg sec -2. 
Find the bending ξ of the shaft at an angular frequency of rotation 
of the shaft ω sec -1. Neglect the mass of the shaft compared with 
the mass of the disc. 

325. It is shown by experiment that the velocity v of propagation 
of the momentum of a transverse deformation along a stretched uni
form string depends on the tension Fand the mass ρ per unit length 
of the string. Use dimensional analysis to find an expression for the 
velocity y a s a function of these two parameters. 

326. The frame of a sensitive galvonometer, rotating between the 
poles of a magnet, is suspended on a fine platinum wire or thin 
bronze strip. Find the maximum permissible weight of the frame if 
the limit of strength of platinum « 30 kgmm - 2 , and a wire of dia
meter 4μ is used for the suspension. 
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327. Experiment shows that the velocity v of propagation of 
longitudinal deformations in a continuous medium depends on the 
modulus of elasticity E of the medium and on its density ρ. Use 
dimensional analysis to find an expression for r a s a function of 
these two parameters. 

328. A wire stretches between two clamps A and B, a distance / 
apart (Fig. 78). A load weight P hangs from the mid-point of the 
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wire and produces bending λ. Find λ as a function of P, given that 
Young's modulus is E, the diameter of the wire is d and λ\1 <̂  1. 

329. A steel wire, diameter d = 1 mm, bends round a drum, 
diameter D = 2m. Find the extra tensions produced in the material 
of the wire if the modulus of elasticity of steel is E= 2 x 106kgcnr~2. 

FIG. 79 

330. A uniform beam AB of mass m, section 5 and length L is 
placed on a horizontal plane and rests against a projection at one 
end (Fig. 79). A constant force Facts on the other end of the beam, 
and is uniformly distributed over the section. In this case the length 
of the beam is well known to diminish by the amount AL 
= (l/E) (L/S)F, where E is Young's modulus. The question is, what 
is the compression of the beam and how is it distributed if the beam 
does not rest against a support, whilst all the other conditions re
main unchanged. 

331. It follows from the previous problem that tension exists in 
a beam in accelerated motion. Will there be tension in a freely fall
ing beam? 

FIG. 80 

332. A uniform disc of mass M and radius R rotates about its 
axis with angular acceleration ß (Fig. 80). The forces accelerating the 
disc are uniformly distributed over its rim. Find the tangential force 
F acting per unit length of the circumference that forms an imaginary 
dividing line of radius r in the disc (shown shaded in the sketch). 
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333. A thin uniform elastic rod of length /, mass M, Young's 
modulus E, rotates uniformly with angular velocity ω about an 
axis perpendicular to the rod and passing through one end. Find 
the distribution of the stress Tin the rod and its total elongation AL. 
When calculating the linear deformation and stress, assume that 
the cross-section is invariable and the elongation small. 

§ 10. VIBRATIONS 

334. Draw the graphs of the displacement, velocity and accel
eration in a simple harmonic oscillation as functions of time. Draw 
the graphs of the velocity and acceleration as functions of the dis
placement. Find the relationships between the amplitudes of the 
displacement, velocity and acceleration. 

335. Find expressions for the potential, kinetic and total energies 
of a particle of mass m, performing harmonic oscillation in accor
dance with the law A cos cot. 

336. An areometer with a cylindrical tube (Fig. 81) of diameter 
D9 floating in a liquid of density ρ, receives a small vertical push. 
Find the period of vibration of the areometer, if its mass m is known. 
Neglect the motion of the liquid and its resistance to the motion of 
the areometer. 

ΌΤ, 
FIG. 81 

337. Liquid is poured into a bent tube (Fig. 82), such that the 
two halves of the bend form angles a and β with the horizontal; the 
length of the liquid column is /. If the liquid is taken from the 
equilibrium position, its levels in the tube start to vibrate. Find the 
period of the vibration. Neglect capillary forces and the viscosity 
of the liquid. 
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338. A vertical cylinder of cross-section S = 80 cm2, is closed by 
a piston of mass m = 1 kg. The volume of cylinder below the pis
ton is vQ = 5 litres. At the initial instant the air pressure p0 in the 
cylinder is equal to atmospheric. How does the piston move, if it is 
suddenly released? There is no friction between the piston and 
cylinder. Assume that the process of compression and expansion of 
the air is adiabatic (γ = cp/cv = 1-4). 

FIG. 82 

339. What difference does it make in the previous problem if, 
instead of air, there is (1) hydrogen and (2) helium, in the cylinder. 
The remaining conditions are the same. 
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FIG. 83 

340. Imagine a shaft bored along a diameter through the (spher
ical) earth. Find the law of motion of a body dropped into this 
shaft, taking into account the change in the acceleration due to 
gravity inside the earth. Neglect friction at the sides of the shaft and 
air resistance. 

341. A block of mass m = 1 kg (Fig. 83) can slide without fric
tion along a horizontal rod clamped into a trolley. Two springs 
are attached to the block, their common coefficient of stiffness 
being k = 0*1 kgcm-1. How will the load move relative to a co-
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ordinate system fixed in the trolley, in the following cases: (1) the 
trolley receives an acceleration that very slowly increases from zero 
to the value a; (2) at the instant t = 0 the trolley suddenly receives 
an acceleration a = 0-98 msec-2, which then remains constant. 
Assume that friction is very small. 

342. Referring back to the previous problem, in the equilibrium 
state the centre of mass of the block is vertically above that of the 
trolley (Fig. 83). What sort of motion is produced, if the block is 
displaced / = 6 cm from the equilibrium position and attached by 
a string to the trolley, then the string cut. The total mass of the 
trolley (without block) is M = 5 kg, the mass of the springs can be 
neglected. Neglect friction forces. 

343. Find the period of free small vibration of a load of mass ra, 
attached at the mid-point of a thin string of length L (Fig. 84). The 
mass of the string can be neglected; the string tension is constant 
and equal to P . 
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344. One end of a spring is clamped, and the other end is attached 
to a load of weight P, which lies on a support in such a way that 
the spring is not extended (Fig. 85). The support is removed with
out jolting. Find the motion of the load and the maximum ten
sion in the spring. The coefficient of stiffness of the spring is k. 

345. A load of weight P = 1 kg lies on a board. The board per
forms harmonic vibrations in a vertical direction with period 
T = i sec and amplitude a — 2 cm. Find the pressure force F of the 
load on the board. 
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346. What is the required amplitude A of vibration of the board 
and load of the previous problem in order for the load to start 
jumping from the board? 

347. A board performs harmonic vibrations in a horizontal direc
tion with period T = 5 sec. A body lying on it starts to slide when 
the amplitude of vibration reaches the value A = 0-6 m. What is the 
coefficient of friction k between the body and the board? 

FIG. 86 FIG. 87 

348. A load of mass m falls from a height h on to the scale of a 
balance, hanging from a spring (Fig. 86); the load does not bounce 
relative to the scale but stays on it. The scale starts to vibrate. The 
coefficient of stiffness of the spring is k. Find the amplitude A of the 
vibration (the mass of the scale plus spring can be neglected com
pared with the mass of the load). 

349. A string, from which is suspended a load of mass m, is 
attached to a spring (Fig. 87). If the load is pulled down and then 
released, it starts to vibrate. To what distance x can the load be 
pulled down in order for the string to be stretched throughout the 
vibration? The coefficient of stiffness of the spring isÄ: = 0-05kgcm-1, 
the weight of the body P = 1 kg. 

350. A body is suspended from a spring and has a characteristic 
period of \ sec (Fig. 88). A sinusoidal force of amplitude F = 100 dyne 
acts vertically on the body, in addition to a certain friction force. Find 
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the amplitude Fft of the friction force and the coefficient of friction 
(the friction force is proportional to the speed of the motion), if the 
amplitude of vibration at resonance ATes is 5 cm. 

351. A system performs forced vibrations under the action of an 
external force, which varies according to a harmonic law. Show 
that, at resonance, other things being equal, the work done by the 
external force per period is a maximum. 
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352. A uniform rod is suspended at both ends from two identical 
strings of length L. The strings are parallel in equilibrium. Find the 
period T of small vibrations, produced after a rotation of the beam 
about a vertical axis through its mid-point. 

353. A fairly thin uniform plate is in the form of an equilateral 
triangle of height h. It can rotate about a horizontal axis, running 
along one side. Find the period of small vibration T of this physical 
pendulum (Fig. 89). 

FIG. 90 

354. A ring of thin wire performs small vibrations about a hori
zontal axis, like a pendulum (Fig. 90). In one case the axis lies in the 
plane of the ring (Fig. 90(a)), in the other it is perpendicular to the 
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plane (Fig. 90(b)). Find the ratio of the periods T1 and T2 of small 
vibrations in these two cases. 

355. A solid uniform disc, radius r = 10 cm, vibrates about an 
axis perpendicular to the plane of the disc and passing through a 
point of the rim. What length / would a simple pendulum require 
in order to have the same period of vibration as the disc? 

356. A disc is made up of two halves, both of the same thickness 
but one of aluminium (specific weight 2-5 gem- 3) and the other of 

/ 
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lead (specific weight 10 gem- 3). In one case the axis of vibration, 
perpendicular to the plane of the disc, passes through the point A, 
in the other, through the point B (Fig. 91). What is the ratio of the 
periods of vibration about these axes? 

357. A physical pendulum consists of a rod of square section 
suspended at one end, and a load clamped at the other end 
(Fig. 92). The load is a cube of side a = 40 mm; the rod is of length 
/ = 400 mm and side of cross-section b = 4 mm; the load and rod 
are made of the same material. Find the approximate period of 
vibration T of the pendulum (the rod can be assumed thin in the 
calculation). 

358. During oscillation with amplitude a0 = 10° of the pendulum 
described in the previous problem, the load breaks off from the rod 
at the instant when the pendulum passes through its equilibrium 
position. What are the amplitude OL'Q and period of vibration T of 
the rod after the load has broken off? 
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359. Answer the questions posed in the previous problem, when 
the load breaks off at the point of maximum deviation of the pen
dulum from its equilibrium position. 

360. A thin uniform rod of length / swings about an axis through 
one end perpendicular to the rod. Is there a point on the rod such 
that, when a body of small dimensions but significant weight is 
clamped to it, the period of vibration of the rod is unchanged? 

361. A small ring of mass m is mounted frictionally on a thin 
rod of length /. What force acts from the rod to the ring when the 
rod hangs from one end and vibrates as a pendulum with small 
amplitude a0? The distance from the ring to the axis of the pendu
lum is d. The mass of the ring can be neglected when calculating 
the period of vibration. 

362. A uniform plate in the form of an isosceles triangle is sus
pended from its vertices by three strings of the same length L. In 
equilibrium the plate is horizontal and the strings are vertical. Find 
the period of the torsional vibrations of the plate about a vertical 
axis (assume that each string deviates a small angle from the vert
ical). 

'Z^-L-25cm-*p 21= 50cm »p 1=25^-», 
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363. Two masses, each 10 g, are fixed to a string with a constant 
tension of 4 kg, as shown in Fig. 93. What initial conditions must 
be specified for the loads in order for them to perform harmonic 
vibrations with the same period? Calculate the frequency of these 
vibrations (they are termed normal). Assume that the deviation 
during the vibrations is very small compared with /. 

364. Prof. N.E.Zhukovskii proposed a device for a perfect (loss
less) pendulum suspension as illustrated in Fig. 94. The collar A, 
seated on the shaft C, forms an integral part of the pendulum B. The 
shaft is mounted horizontally and revolves uniformly with angular 
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velocity ω, and the pendulum performs vibrations in the plane 
perpendicular to the shaft. 

Show that, if the angular velocity of the shaft is sufficiently large 
and the friction force of the collar on the shaft is independent of 
the sliding velocity, there is no loss of vibratory energy in the sus
pension. How great has the angular velocity of rotation of the 
shaft to be? 

FIG. 94 

365. What change is there in the nature of the vibration of the 
pendulum if the friction force of the collar on the shaft (Fig. 94) is 
dependent on the sliding velocity of the collar on the shaft, whilst 
the remaining conditions of the previous problem are unaltered. Con
sider two cases : (1) the friction force increases with the sliding velo
city ; (2) the friction force diminishes as the sliding velocity increases. 

366. Find the position of equilibrium about which the pendulum 
described in the previous problem performs its vibrations. We are 
given that the friction force of the shaft on the collar is equal to μΡ, 
where μ is a constant, P is the pressure of the collar on the shaft; 
the distance from the axis of rotation to the centre of mass of the 
pendulum is equal to a and the shaft radius is R, 
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§ 11. H Y D R O S T A T I C S AND AEROSTATICS 

367. Two solid bodies of the same material hang from the ends 
of a lever with unequal arms and balance one another in the air. (1) Is 
the balance preserved if the bodies are immersed in vessels of water? 
(2) Does the balance change if the bodies are of different materials? 

368. Of what material must weights be made in order to avoid 
the necessity, when weighing accurately, of making a correction for 
the loss of weight in air? 

369. A hollow metallic sphere, the outer and inner diameters of 
which are dx and d2, floats on the surface of a liquid. The density of 
the metal is δ±, the density of the liquid ô2. What weight p must be 
added inside the sphere in order for it to float below the level of the 
liquid? The compressibility of the sphere can be neglected. 

370. What is the lifting force Foi 1 m3 of helium filling a dirigible, 
if the density of helium relative to air is 0-137, and 1 m3 of air weighs 
1-3 kg? 

371. The balloon of a spherical aerostat has a volume 700 m3. 
The balloon is filled with hydrogen, 1 m3 of which weighs 90 g at 
a pressure of 1 atm. The weight of the basket, cover, all accessories 
and two passengers is 447 kg. (1) How much ballast AXQ must be 
added in order for the aerostat to establish itself close to the earth's 
surface at normal pressure? (2) How much ballast A2Q must then 
be thrown out in order to lift it a height of 2 km, if 1 m3 of air at this 
height weighs 1 kg? At the earth's surface 1 m3 air weighs 1-3 kg. 

FIG. 95 

372. At the bottom of a vessel containing liquid (or gas) a body 
is situated whose specific weight is much greater than the specific 
weight of the liquid (or gas). Is it possible to cause the body to lift 
upwards by increasing the pressure on the liquid (or gas)? 

373. What is the pressure P of the air in a caisson dropped into 
water and intended for underwater work at the bottom of a river of 
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depth h m, if the atmospheric pressure is H mm Hg? The density of 
mercury is d. 

374. A thin rod is clamped at one end to the wall of a vessel, 
whilst the other end is submerged in water (Fig. 95). The rod can 
rotate freely about the horizontal axis of the hinge A, which is above 
the water level. Find the density <5 of the rod material if, at equi
librium, \\n of the rod is not submerged in the water. Neglect 
capillary forces. 
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375. Find the pressure force F of the water on the square wall 
of an aquarium (of side a). What is the height h from the bottom 
of the aquarium of the point of application of the resultant of the 
pressure on the wall? 

— H 10 cm 

24cm 

FIG. 97 

376. A trough has the section shown in Fig. 96 and is filled to 
the top with water. Find the pressure P over 1 m length of the side 
wall and the moment of this force M about the bottom edge A. 

377. A trough has the section shown in Fig. 97 and is filled with 
water. Answer the questions posed in the previous problem. 
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378. Find the resultant of the water pressure P in a river dam, 
trapezium-shaped as in Fig. 98, where h = 5 m , r f = 10 m,c = 15m. 

379. A special shield is used to cover the water in a channel lead
ing to a mill wheel. Find the moment of the forces acting on the 
cover relative to a horizontal axis lying in the plane of the cover at 

FIG. 98 

a height 0-25 m above the level of the water, if the width of the chan
nel is 1 m and the height of the level of the water trapped in the 
channel is 0-75 m. 

FIG. 99 

380. Calculate the stress disrupting a vertical seam at a height 
H = 1 m in a cylindrical cistern filled to the top with water. The 
dimensions of the cistern are shown in Fig. 99. 
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381. A balloon of textile, which supports at bursting 850 kg per 

linear metre, is filled with gas.* When blown up the balloon is a 
sphere radius 10 m. What increase Ap of the pressure above atmo
spheric is permissible in the balloon? 

382. At what height h is the density of the air in the earth's 
atmosphere halved; assume that the atmospheric temperature 
is fixed throughout its height. The pressure at the earth's 
surface is p0 = 10,330 kgm~2 and the specific weight of air is γ0 
= 1-293 kgm-3. 

383. A vessel containing water stands on a truck. The truck moves 
in a horizontal direction with acceleration 0-29 g. What is the angle 
a between the water surface and the horizontal? 

1m 
FIG. 100 

384. A closed cylindrical vessel filled with water has a stopper at 
the top (Fig. 100). What is the acceleration a in a horizontal direc
tion along the axis of the vessel that must be communicated to the 
vessel in order for the stopper to come out, if it can support a pres
sure of 0-05 atm, and the distance from the opening to one end of 
the vessel is 1 m, and from the other end 0-1 m. 

385. What change would there be in the answer to the previous 
problem if, instead of being cylindrical, the vessel were a truncated 
cone, and the distances of the opening from the ends remained the 
same? 

386. A goods train that includes an enclosed oil tanker moves 
with a speed v0 then, as a result of braking, starts to decelerate uni
formly and, after traversing a distance s, comes to a stop. Find the 

* The elastic stress acting on any kind of envelope, casing, etc., is conveniently 
indicated by a force per unit length of the envelope cross section. The textile 
bursting strength mentioned in the problem implies that a strip of the textile 
1 m wide can support without bursting a uniformly distributed force of 850 kg 
over its width. 
UP I. 6 
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oil pressure forces on the back and front walls of the tanker during 
the period of braking. Assume that the tanker is a rectangular 
parallelepiped of length /, width a and height h\ the oil density is ρ. 

§ 12. H Y D R O D Y N A M I C S AND A E R O D Y N A M I C S 

387. What is the speed v of flow of a liquid from the opening in 
the wall of a vessel, if the height h of the level of the liquid above 
the opening is 4-9 m? Neglect the viscosity of the liquid. 

388. A tank is filled with water and oil (density 0-9 gem- 3). What 
is the initial speed v of flow of water from an opening in the bottom, 
if the height of the water layer is h1 = 1 m, and of the oil layer 
h2 = 4 m? (Neglect viscosity.) 

389. Find the maximum pressure of a wind with speed 20 msec- 1 

on a horizontal wall if the wind blows perpendicular to the wall. 
Express the pressure in millimetres of water column. The density 
of air is 1*25 kgm~3. 

390. A cylindrical vessel that stands on a support has two open
ings 25 cm apart. The jets from the openings intersect. Find the 
point of intersection, given that the water level is 25 cm above the 
upper opening. 

FIG. 101 

391. Figure 101 illustrates a water-gauge: the water flows along 
a horizontal tube of variable section. Find the outflow Q from the 
difference Ah of the water levels in two manometer tubes, given the 
sections of the main tube at the base of each manometer tube. 

392. Figure 102 illustrates an arrangement whereby a locomotive 
can fill up with water whilst travelling. A water-filled channel is 
arranged along the track. A bent tube is attached to the locomotive 
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oil pressure forces on the back and front walls of the tanker during 
the period of braking. Assume that the tanker is a rectangular 
parallelepiped of length /, width a and height h\ the oil density is ρ. 
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387. What is the speed v of flow of a liquid from the opening in 
the wall of a vessel, if the height h of the level of the liquid above 
the opening is 4-9 m? Neglect the viscosity of the liquid. 

388. A tank is filled with water and oil (density 0-9 gem- 3). What 
is the initial speed v of flow of water from an opening in the bottom, 
if the height of the water layer is h1 = 1 m, and of the oil layer 
h2 = 4 m? (Neglect viscosity.) 

389. Find the maximum pressure of a wind with speed 20 msec- 1 

on a horizontal wall if the wind blows perpendicular to the wall. 
Express the pressure in millimetres of water column. The density 
of air is 1*25 kgm~3. 

390. A cylindrical vessel that stands on a support has two open
ings 25 cm apart. The jets from the openings intersect. Find the 
point of intersection, given that the water level is 25 cm above the 
upper opening. 

FIG. 101 

391. Figure 101 illustrates a water-gauge: the water flows along 
a horizontal tube of variable section. Find the outflow Q from the 
difference Ah of the water levels in two manometer tubes, given the 
sections of the main tube at the base of each manometer tube. 

392. Figure 102 illustrates an arrangement whereby a locomotive 
can fill up with water whilst travelling. A water-filled channel is 
arranged along the track. A bent tube is attached to the locomotive 



HYDRODYNAMICS AND AERODYNAMICS 83 

and drops into the channel in such a way that its mouth is directed 
forwards. Calculate the height h to which the water rises if the speed 
of the train is v = 36 km hr"*. Neglect the viscosity of the water. 

393. A sailor found a smallish hole in the hold of a vessel, through 
which water was pouring in; he tried to stop the hole with a plank 

FIG. 102 

but the stream of water pushed the blank away. He managed to 
bring the plank close against the hole with the aid of another sailor, 
and then found that he could hold the plank alone. Explain why the 
pressure on the plank is different in the two cases. 

FIG. 103 

394. An air current is produced in aerodynamic tunnels with the 
aid of a ventilator. The shape of a tunnel of circular section is shown 
in Fig. 103. It starts with a funnel-shaped opening, through which 
air is drawn from the surrounding atmosphere, then there is a 
cylindrical section, in which the model is located. The tunnel then 
widens and later becomes cylindrical again, the ventilator being 
mounted in this last section. 
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(1) Calculate the pressure Δρ from the outside on the wall of the 
middle of the cylindrical section for a current speeds = 100msec"1. 
(2) How is the result modified if the viscosity of the air is taken into 
account? 

395. Figure 104 illustrates the arrangement of a pulverising de
vice. Find the maximum height h to which it can pump liquid from 

FIG. 104 FIG. 105 

a reservoir if the pressure in front of the input into the tube A, where 
the velocity is very small, is p0. Neglect viscosity. 

FIG. 106 

396. Calculate the force F trying to pull the outlet pipe from a cis
tern of the cross-section of the jet is S = 4 cm2 and the outflow of 
waterisß = 24 litre min"1. The pipe has the shape shown in Fig. 105. 
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397. Find the dependence on time of the force F acting on the 
bottom, area S, of a cylindrical glass into which water is poured 
from a tea-pot, as illustrated in Fig. 106. A constant amount Q cm3 

of water pours into the glass per second; ρ is the density of the 
water. 

398. A cylindrical vessel filled with water stands on a truck. The 
height of the water in the vessel is 1 m. On opposite sides of the 
vessel relative to the motion of the truck there are two taps, each 

3^2 

h = 25cm 

"E 

FIG. 107 

with an opening area of 10 cm2, one at a height h1 = 25 cm above 
the bottom of the vessel, the other at a height h2 = 50 cm. What 
horizontal force F must be applied to the truck in order for it to 
remain at rest when the taps are open? 

399. A device for demonstrating the pressure of liquid on the 
bottom of a vessel (Fig. 107) includes a right cylinder containing 
water. The height of the water column in it is A = 25 cm. What 
change is there in the weight balancing the pressure on the bottom if a 
stream of water of cross-section 5 = 1 / 4 cm2 flows through an open
ing in the bottom? The lowering of the water level in the cylinder 
can be neglected. 

400. What change is there in the water pressure on the cover of 
Problem 379, if it is raised above the bottom of the channel so that 
a stream of water 5 cm high flows from below the cover, whilst the 
water level in front of the cover remains as before ? Assume that the 
speed is constant over the height of the stream. 
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401. Find approximately the maximum power and most ad
vantageous speed of rotation of a water wheel (as illustrated in 
Fig. 108), given that the head of water is h = 5 m, stream cross-
section S = 0-06 m2, wheel radius R = 1-5 m. The stream strikes 
the blades continuously and falls downwards after impact. 

FIG. 108 

402. The water flowing from the nozzle of a fire hose has a suffi
cient speed for the jet to reach a height of 20 m (neglecting air fric
tion). What is the temperature rise of the water if the jet is directed 
into a closed fixed tank? Assume that the heat developed only goes 
into heating the water. 

403. When discussing the design of a hydraulic ice-breaker (a 
machine for cutting ice by a jet of water at a pressure of about 
60 atm), it was suggested that the cutting occurs due to the water 
heating up on impact with the ice and thus melting it. Discuss the 
correctness of this suggestion. 

404. Find the shape of the free surface of a liquid, uniformly 
rotating with angular velocity ω about a vertical Z axis in a cylin
drical vessel. 

405. (1) Find the pressure distribution along a radius at the bottom 
of the vessel, given the conditions of the previous problem. (2) Find 
the pressure on the walls of the vessel close to the bottom if its angu
lar velocity is 4 rev sec-1. The height of the water column on the 
cylinder axis is 10 cm. The radius of the cylinder is also 10 cm. 
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406. A totally enclosed cylinder is filled with water and also 
contains: a cork, a small piece of lead and a body A whose density 
is equal to that of water. The cylinder rotates rapidly about its axis. 
How are the bodies disposed in the cylinder if the axis of rotation 
is vertical? 

407. A cylinder filled with water rotates uniformly at 1 rev sec"1 

about a vertical axis and carries the water along with it. A smooth 
horizontal rod, mounted along a diameter of the cylinder and sub
merged in the water, carries a cube of side 2 cm, made of a material 
with density ρ = 2 gem-3. The cube is mounted so that it can slide 
on the rod and is supported by a small spring at a distance of 50 cm 
from the cylinder axis. Find the spring tension T. 

408. In a rotating vessel the pressure on the bottom (see Pro
blem 405) is greater at the wall than at the centre. Why does the 
water not flow from the wall to the centre when the vessel rotates? 

409. Is it possible to measure the liquid pressure distribution in 
a rotating vessel by the following methods ? 

çPj 
Φ 

V////// 

FIG. 110 

(1) A manometer tube B rotates along with the vessel and is filled 
with the same liquid as the vessel, as shown in Fig. 109. What is the 
liquid level in tube B when the system as a whole rotates, and what 
is the corresponding pressure? Capillary pressures in the tubes can 
be neglected. 

(2) The manometer tube is in two parts, joined at the coupling C 
as shown in Fig. 110. The part AC is fixed rigidly relative to the 
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vessel, whilst the second part CD is rigid relative to the earth. The 
coupling C permits of a hermetic junction of the two parts and lies 
on the axis of the cylinder. 

FIG. I l l 

(3) The manometer tube has the same form as shown in Fig. 110, 
but both parts of the tube are fixed to one another at the coupling C. 
Thus the part AC is also rigid relative to the earth. The part AC in 
the vessel is quite thin and does not affect the motion of the liquid. 
The rim of the opening A is horizontal. 

FIG. 112 

410. The vessel illustrated in Fig. 109 contains oil above the 
water, and the height of the oil layer is 2 cm at its centre. What is the 
shape of the water surface now, when the vessel rotates about a 
vertical axis? What change is there in the height of the level in the 
tube. The oil density is 0-8 gem-3. 
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411. The water rotating in a vessel has the shape illustrated in 
Fig. 111. The height of the water at the vessel wall is h = 15 cm. 
Find the force F acting on a vertical strip of the wall 1 cm wide. 

412. Someone suggested the following design for a perpetual 
motion machine. The vessel A (Fig. 112) is closely surrounded by a 
ring-shaped channel C with a tube B; the walls of the vessel have 
openings E, through which the liquid passes from the vessel into 
the channel C and tube B. The vessel A can rotate, whilst the chan
nel C remains at rest. It is easily seen that, during rotation, a motion 

V/Z//////////////////////////, 
FIG. 113 

of the liquid along the tube B is produced, provided the latter was 
filled by liquid in the first place. On uniform rotation of the vessel^ 
the liquid passes round via the tube B, and the stream of liquid can 
be used to operate the water wheel D. The designer proposed that 

K10cm*4-*10cm* 

FIG. 114 

ΊΟοιπ^ΗΟεπΗ 

part of the work of the water wheel be used, via a special trans
mission, to overcome the friction to the uniform rotation of the 
vessel (the transmission is not shown in Fig. 112). Why will this 
device not work? 

413. The side wall of a vessel contains a hole, the lowest point 
of which is at a height h (Fig. 113). What is the horizontal accelera-
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tion a of the vessel such that liquid pouring into it does not come 
out through the hole, if liquid was poured into the vessel at rest 
(with the hole closed) to a height ΗΊ 

414. Figure 114 illustrates a familiar experiment on the flow of 
a viscous fluid along a pipe, and shows the fall in pressure along the 
pipe. How can the fluid velocity be determined from the data in
dicated in the figure, if the fluid density is 1 gem - 3 . 

415. An important formula for determining the lift of a wing is 
as follows: when an ideal fluid is in plane non-turbulent* flow 
round a body, the force acting upwards from the flow on an imagin
ary vertical cylinder of section dS is 

where v1 is the velocity at the upper surface of the cylinder and v2 the 
velocity at the lower; ρ is the density of the fluid. Derive this for
mula. 

§ 13. A C O U S T I C S 

416. A bullet travels at 660 msec - 1 at a distance of 5 m from a 
man. How far is the bullet from the man when he hears its whistle? 

417. An echo sounder measures the depth of the sea from the 
reflection of sound from the sea-bed. What is the minimum accuracy 
required in determining the signal transmission and reflection times, 
if the device is designed for measuring depths exceeding 30 m to an 
accuracy of 5 percent (thevelocity of sound in water « 1500msec-1)? 

418. A locomotive approaches an observer at 20 msec - 1 . What 
is the fundamental tone of the hooter that he hears, if the driver 
hears a 300 c/s tone? What is the frequency variation of a harmonic 
of the hooter? 

419. Two tuning-forks give 20 beats per 10 sec. The frequency 
of one fork is 256 c/s; what is the frequency of the other? 

420. A tuning-fork that radiates sound of frequency v0, is made 
to approach a distant wall at a speed u along the normal to the 
wall. A fixed sound receiver is located on the line along which the 
fork moves. Let: (1) the fork be situated between the wall and the 

* In plane flow, every current tube lies in a plane parallel to some given plane. 
Non-turbulent flow is that in which the liquid flows smoothly round a body 

without forming vortices behind it. 
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receiver; (2) the receiver be situated between the fork and the wall. 
Will the receiver record acoustic beats if the speed u is much less than 
the velocity c of sound? What will be the frequency of these beats? 

421. When measuring the speed of sound by the standing wave 
method (Fig. 115), the length of a half-wave of sound in air proved 
to be 6 cm. What is the speed v of sound in the rod, if the length of 
the rod is 60 cm and it is clamped at its mid-point? 

Tube R0 d 

g * = * a ■"' "i l- -il» Ίΐ. .IL . i i i = 

FIG. 115 

422. The length of a tube, closed at its ends, is 1-7 m. Find the 
proper frequencies Nk of the tube. 

423. Find the frequencies Nk of resonance of a pipe, 1-7 m long 
and closed at one end. 

424. Vibrations corresponding to the second harmonic are ex
cited in a cylindrical open pipe. Illustrate graphically the distribu
tion of particle displacement amplitudes along the pipe, and the 
distributions of velocity and pressure amplitudes. Indicate the places 
at which the potential and kinetic energies have maxima. 

425. What is the length L of a string, if its frequency of vibration 
is increased one and a half times when it is made 10 cm shorter? The 
string tension remains unchanged. 

426. Given two sources of vibration that yield systems of sinus
oidal waves, find the motion of a particle situated at distances d1, 
d2 from the sources if they vibrate in the same phase and at the 
same frequency, and if the directions of the vibrations at the point in 
question are the same. 

427. Find the adiabatic compressibility of water, if the speed of 
sound in water is roughly 1500 msec- 1. (The coefficient of com
pressibility of a substance is equal to the relative decrease in its 
volume when the pressure increases by 1 atm.) 

428. The speed of sound is 220 msec- 1 in liquid helium, which 
has a density of 0-15 gem"3 at T = 4-2°K. 

Find the adiabatic compressibility ß of liquid helium. 

Vice 
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429. A rod of length / = 1 m is clamped at its ends. On rubbing, 
the rod produces a sound whose fundamental frequency is 
v0 — 700 c/s. What is the speed of sound c in the rod? What over
tones may be contained in the sound produced by the rod? 

430. Two strings have the same length and tension. What is the 
ratio of their periods of proper vibration if the diameter of one 
string is twice that of the other? The strings are made of the same 
material. 

431. What change is needed in the tension of a string if it is to 
produce a tone three times lower? 

432. Explain why, for a given temperature, the speed of sound in 
air is independent of the barometric pressure. 

433. Calculate the maximum acceleration and maximum speed 
of an air particle in an ultrasonic wave with frequency 50,000 c/s 
and particle displacement amplitude 0-1 micron. 

434. A string produces a 400 c/s tone. At what point and in what 
way should the motion of the string be stopped in order for it to 
vibrate at (1) 800 c/s, (2) 1200 c/s? Is it possible to lower the fre
quency of vibration by stopping the string? 

435. Show that, for any acoustic travelling wave, the relative 
pressure change dpjp at a given point is equal to the ratio of the 
particle to the sound velocity, multiplied by 

y = Cp/cv, 

where cp and cv are the specific heats of the medium at constant 
pressure and constant volume respectively. 

436. A plane acoustic travelling wave can be represented by the 
equation 

y = 0-05 sin (1980* - 6x) cm, 

where y is the particle displacement in the direction of wave pro
pagation, t is the time in seconds, x is the distance in metres in the 
direction along which the wave is propagated. Find: (1) the fre
quency v of the vibrations; (2) the wave propagation velocity c; 
(3) the wavelength λ ; (4) the vibration amplitude of the velocity u 
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of each particle and (5) the pressure vibration amplitude Ap, if the 
pressure/? and volume v are connected by the adiabat/w1'4 = const. 

437. Two sinusoidal plane waves are travelling in the same direc
tion with propagation velocities v1, v2 and wavelengths λ1, λ2 re
spectively. Find the velocity u of displacement in space of the points 
where the vibrations corresponding to each wave have the same 
phase. Find the distance A between two similar points. 

438. The concept of group velocity can be very easily visualised 
by analysing the following example. Let two groups, one of sports
men, the other of sportswomen, move in series. In each group the 
members move one behind the other, with an interval dx between 
the women and d2 between the men. The women's detachment 
travels at a speed v1, the men's at v2. Pairs of members pass a fixed 
observer at definite intervals of time. If the observer himself starts 
to move, he can diminish these intervals. At what speed u must the 
observer move for the sportsmen and women to pass him only in 
pairs? 

439. The pressure amplitude of a sound wave is 
Ap = 100 dyne cm-2 

(loud sound). 

FIG. 116 

Find the energy flux /, incident per 1 sec on a man's ear. The 
area S of the ear is taken as 4 cm2 and the ear is perpendicular to 
the direction of wave propagation. The density of air is ρ = 1·3 
x IO""3 gem-3, the speed of sound is 334 msec"1. 

440. A man with good hearing still finds a pressure vibration of 
0-001 dyne cm-2 at frequency 2000 c/s audible. Calculate the am
plitude A of the air particle displacement in such a wave. 
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441. An acoustic resonator is usually a spherically-shaped cavity 
with a fairly narrow throat and a protuberance with a very small 
opening at the opposite end (Fig. 116). An acoustic wave leads to 
vibration of the air in the resonator throat. The mass of this air 
vibrates along the throat roughly like a solid body, whilst the air 
in the cavity plays the role of a spring in regard to this mass, since 
the speed of the air particles in the vibrations in the throat is large 
compared with their velocity in the cavity. 

Find the period of the proper vibrations of the air in the resona
tor, assuming that we are given the cross-sectional area S of the 
throat, its length /, the volume v of the cavity and the speed c of 
sound in air. Use the analogy with Problem 338 on the vibrations 
of a piston closing a gas-filled cylinder. 

442. What change is there in the frequency of vibration of the 
acoustic resonator if it is filled with hydrogen instead of air? (The 
density of hydrogen relative to air is 0Ό69.) 



§ 1. KINEMATICS 

1. \v\ = V5 msec-1 ; the velocity vector forms an angle a = 63°30' 
with the river bank from which the ship is departing. 

2. The course of the boat must be at 39° to the straight line join
ing the landing-stages; vt = 0-62 msec-1. 

3. The tube must be inclined forwards from the vertical with 
respect to the path of the cart at an angle 

a = arctan - ^ . 
^cliop 

4. v = 9-3 msec-1 ; the wind direction is at 165° to the course of 
the vessel. 

5. The distance between the aeroplanes increases by \jv\ + v\ 
x 1 hr = 500 km every hr; S = 1500 km. 

6. The gun has to be aimed ahead of the target ship so that the 
direction of the shell is at an angle 

vx + v2 φ = arccos =-
v0 

to the path of the ship from which it is fired. 
7. Solution: 

L L 
= V2 + Oil = V2 - Vl9 

h t2 whence 

and 

UP I. 7 

Vl =L.ll ÎL =7-5kmhr-1 , 
2 ht2 

V2 =L..1±±±L = 17-5 kmhr-1. 
2 ttt2 

97 
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8. Solution : The fisherman overtakes the boat-hook at the same 
speed with which he left it (this is the speed of the boat relative 
to the water) and overtakes it an hour after dropping it in the water. 
During this hour the boat-hook has travelled 5 km. Hence the speed 
of the current in the river is 5 km hr" 1 . 

9. (1) ψι = arctan — ; (2) φ2 = arctan 
Vi VL + V2 

(3) v' = y/vl + t>2, v" = V(*i + v2)2 + -2 
VQ. 

10. 14-1 cm sec-1. 
Id 

AX· 'mar 
fv sin2 a 

Hint: The train is at a distance //sin a from the photographer. The 
component of the speed of the train in the direction perpendicular 
to the line of sight (which alone causes blurring of the image) is 
v sin a. The speed of the image of the train on the photographic 
plate is 

_ i;/sin2 a _ d 
I *>i«n 

2 

-~ « at\ 
12. St = voti + —L ; 

2 
n N Cito 
S2 = (v0 + ati)t2 + —ί-, 

2 

2S(ti - t2) . 
ß = 1_ ~ _ 3 msec" 

11-5 msec- 1. 

and since Sx = S2 = S, we have 

2S(tj - ;2) 

' Λ ί Ί + h) 
and 

ti 2 

13. See Figs. 117 and 118 and the notes on them. 
Figure 117(a): The dependence of the speed on time is described 

by v = at.* 
* The relationships between the kinematic magnitudes and time, quoted here 

and in the solution of Problem 14, are found by graphical or analytical differ
entiation and integration. 
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Figure 117(b): The graph consists of alternating segments of 
horizontal (v = const at a = 0) and sloping straight lines (v = at 
with a = const φ 0). 

Figure 117(c): The graph is composed of segments of horizontal 
lines and segments of parabolas, the equations of the latter being 
of the form 

_ kt2 

2 

(when a = kt), provided the points 1, 3, 5* are taken as the 
origins when drawing the parabolas. 

υπΊ-sec"1 

sec 

•urrvsec 

0 2 4- 6 8 10 12 
-1 (b) 

tsec 

FIG. 117 

Figure 117(d) : The graph consists of segments of parabolas. Para
bolas satisfying equations of the type v = \kt2 are drawn from the 
points 0, 2, 4, 6. Over the pieces 1-2, 3-4, 5-6 of the time axis, the 

* The k denotes a coefficient of proportionality, corresponding to the slope 
of the graph of a relative to the t axis; [k] = cm sec-3. 
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parabolas satisfy the equation 

v = vmAt -
kt2 

Figure 118(a): The equation of a parabola: 

2 
gives S as a function of t. 

Figure 118(b): The graph consists of segments of parabolas (0-2, 
4-6) S = vt + %at2 and segments of sloping straight lines S — vt 
over the pieces (2-4, 6-8, etc.) corresponding to v = const. The 
dotted lines on the figure indicate the tangent to one of the pieces 
of parabola and the continuation of the straight segment of the 
graph corresponding to the piece 2-4 of the time axis. 

sec 

tsec 

FIG. 118 

Figure 118(c): The graph is composed of segments of parabolas 
satisfying an equation of the type S = v0t + at3/6, and straight 
segments with equations of the type S = v0t. 

Figure 118(d): The first piece of the graph has the equation 
iSO_i = at316, the second S±_2 = vtt + aî3/6, the third 52_3 =<z/3/6. 
etc. 
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14. See Figs. 119(a) and (b) and the notes on them. 
Figure 119(a) : Over the piece 0-1 S is given as a function or / by 

50_! = \at2, over 1-3, 3-4, 4-6 by 

J 5Ί-3 — Vm.AXt\ S3-4 — V„ 

respectively. 

atz 
const etc. 

tsec 

ft m sec"2 

2 
1 

0 
I , 3 4 , I | , 9 10 , 
1 2 I I 5 6 7 8 I I 11 

tsec 

(b) 

FIG. 119 

Figure 119(b): Over the piece 0-1, dvjdt = a = const > 0. Over 
the pieces 1-3, 3-4, a = 0 and a = const < 0 respectively (see the 
note on the answer to Problem 13). 

15. v = \llgh « 6-2 msec-1. 

16. S = 2v0t. 

17. v0 = 82 msec-1. 

18. At the highest point of the trajectory the normal acceleration 
will be a maximum, equal to the acceleration g due to gravity; at 
all other points of the trajectory it is equal to the projection of g 
on to the normal to the trajectory at the point concerned. 

file:///llgh
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19. (1) vx = v0 cos φ, vy = v0 sin φ — gt, 

v = y/vl + g2t2 - 2v0 sin (pgt; 

(2)T= 2 ^ s i n ^ ; ( 3 ) t a n a = t a n ç ) gt 
vo cos 99 

(4) x = i;0* cos φ, y = v0t sin 99 s'2 

(5) y = x tan 99 — g* 
2v0 cos2 99 

; (6) jym 
vi sin2 Ç3 

2g 

(7)L = 
v% sin 299 

, <p* = 45°. 

20. See Fig. 120. 

FIG. 120 

21. A1:Ä2:A3 = 3:2:1; h'.h'.h =7^:2:7^. 
2 2 . L « 4 0 m ; φ » 38°40'. 

23. M2 = 0* + t>* - 2gtv0 + g2*2; tana = V° ~~ gt 

where a is the angle between the vector v and the horizontal ; the 
equation of the trajectory of the shell is 

Vp g_ 2 
X o 2 X ' 

fi 2t;1 

if the origin is at the point of space from which the shell was fired. 
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24. The equation of the trajectory is 

25. 

26. 

where 

7.Ί. 

y = 

v = 2t\]c2 + b2; 

fï~ r tan a = v ; L = v 

V 2JA 

— *; 
e 
a = 2 Ve2 

£· 
g is the acceleration due to gravity. 

/ Lg cos a 
l ) A — / 

+ ό2 

v 2 cos jS sin (β — oc) 
28. If a is the angle between the groove and the horizontal, and R 

the radius of the circle, a load will move along the groove with 
acceleration g sin a, and will traverse a path / = 2i^/sin a before 
reaching the circle. Thus the time taken to reach the circle is 
τ = yJ4R/g9 which is independent of the slope a of the groove. 

31. v = s La. 
Solution: Since it accelerates initially, then finally slows down, the 

average speed of the truck will be \υ. It is clear from this that, the 
greater v, the shorter the time required for the motion. Thus the least 
time is required if the truck accelerates for half its path, and slows 
down during the other half. 

32. If v = v0t0/t for t > t09 we have 

d ( v0t0 \ v0t0 v2 
a = — = = for t > t0. 

dt \ t ) t2 v0t0 

t 33. (1) S = v0t0 In for t > t{ 

and 
(2) v = v0e "o'o for S > 0. 

These results are obtained as follows: v = dS/dt = v0t0/t, con-

sequently, dS =' v0t0 dt/t, or S = vQtQ\ntjt0 = v0t0\n (v0lv), 

whence follows the answer to the second question. 
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34. (1) y = gx2l2(va + v5)2, the origin being at the firing-point; 
(2) y = gx2j2v2, the origin being at the aeroplane; (3) y = - gx2l2v2, 
the origin being at the shell. The x axis is always horizontal in the 
direction of the flight of the aeroplane, the y axis is vertically down
wards. 

35. The path of the boat will consist of the branches of two para
bolas : 

v dx 
and y = d ~ J— -

vxd 
x0 = 

ud 
~2Ö 

(see Fig. 121). 

mmmmmmmmzmzzz 

FIG. 121 

Solution : The equations for the first parabola are found from the 
conditions: at t = 0, 

x = 0 and y = 0(1), 

and from the equations 
vy = v = const, or y — vt 

and 
vx = dxjdt = ky = 2uy/d. 

(2) 

(3) 

On integrating (3) and making use of (1) and (2), we get x = uvt2/d. 
Elimination of time t gives the equation of the branch of the first 
parabola. On substituting y = \d in it, we obtain the distance 
the boat goes down the river over the first half of its path. The equa
tion of the branch of the second parabola is easily obtained as fol
lows. We take a new origin O' οΐχ\ y' coordinates at the mid-point 
of the river, which the boat reaches at the end of the first half of its 
path. We now write down again the initial conditions of the motion : 
au = Ο,Λ;' = Oand/ = 0.Further,/ = vt,butvx = u - 2uy'\d. 
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On solving these equations as in the first case, we find that y' = \d 
— V(d2/4) — (vx'dju). On returning to the previous coordinates, 
by means of the equations y = y' + id, x = χ' + udjAv, we find 
the equation of the branch of the second parabola in the original 
coordinates. This branch of the second parabola is obviously a 
repetition in reverse of the branch of the first parabola. 

36. The first half of the path of the boat is given by y = ^/3vx/k, 
whilst the second half is the repetition in reverse of the first half, 
as in the previous problem. The boat travels x0 = kd3/l2v down 
the river. 

37. At the point where the curvature is a maximum, i.e. near 
the point A. 

38. v = - ^ - = 3880 km hr"1. 
T 

a = i ^ =38-1 km hr-2. 
T2 

39. Straight lines parallel to the time axis. 

40. ω = 0-00093 sec"1 « 0-001 sec"1. 

41. v « 7-4 km sec-1. 

42. aN « 0-7 g. 
43. v = 1670 cos φ km hr"1, where φ is the geographical latitude 

of the point. 

44. v « 30 km sec-1. 

45. aN = 0-03 cos φ msec-2 and aR = 0-03 cos2 φ, where φ is the 
geographical latitude of the point; we have aN =0-017 msec-2 and 
aR « 0-01 msec-2, respectively, for Moscow. 

46. a = . 
n 

47. n « 9 rev sec-1. 

48. aN « 950 msec"2 « 95 g. 
49. a = 4 rad sec-2; φ = It2 rad. 
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50. aN = 0-6 msec- 2 ; atot = 0-67 msec-2. The angle between atot 

and R is 153°. 

51. vx = v0(l + cos 9?) = 2r0 cos2 
vv = ■v0 sin99; 

Ψ Ψ vtot = 2v0 cos — ; a = — arctan ( tan — 
2 V 2 

52. For both points of the wheel, ji^l = \v\ V2, where v is the 
velocity of rolling of the wheel; the velocity vector of the front point 
is inclined forwards and downwards at 45° to the horizontal dia
meter; the rear point velocity vector slopes upwards and forwards 
at the same angle. The acceleration vector of the front point is 
horizontal and in the opposite direction to the movement of the 
wheel. The acceleration vector of the rear point is horizontal and 
in the direction of motion of the wheel. 

53. x = R((p — sin φ) = R(œt — sin ωή, 

y = R(l — cos 99) = R(ì — cosœt), 
where φ = œt and ω = v/R is the angular velocity of rotation of the 
wheel. The trajectory of a point on the periphery of the wheel is a 
simple cycloid, the parametric equations of which are given above 
(Fig. 122). 

Y 4 

FIG. 122 

54. S = SR. 

Solution: vtot = 2v0 cos — = 2œR cos — = 2 -^— R cos — , 
2 2 dt 2 

dS = vtotdt =2 — Rcos—dt = 2R cos — d<p. 
dt 2 2 

Thus, to calculate the distance travelled by the point, the integration 
over time can be replaced by integration over the angle of rotation φ 



KINEMATICS 107 

of the wheel. The angle w obviously varies between 0 and 2π be
tween two successive contacts of the same point of the periphery 
with the road. We therefore have 

S = 2 x 2R\ cos — dw = 8R. cos — dw = 
Jo 2 

v2 sR2 

55.hmiX = R + — + ^—, (1) 
2g 2v2 

Ι^ψ\^ - - * . (2) 

where w is the angular coordinate of the required point on the wheel 
periphery (see Fig. 6, Problem 53, p. 12). 

Solution : We can write for the y coordinate of a point of the 
periphery : 

y = RÌÌ -cos-jt) (3) 

(Fig. 6), whence 

y = v sin — t. (4) 
R 

The quantities y, y and h are connected by 

h=y + ^ r . (5) 

On substituting (3) and (4) in (5), we find (2) from the condition 
dh\dw = 0. After this, (1) is obtained from (5) by making use of (2), 
(3) and (4). 

56. tfhoriz = (v2/R) sin 99; tfvert = (v2/R) cos φ. When the rota
tion is uniform, the total acceleration is always directed towards 
the centre of the wheel. 

a2t2 

57. (1) |%| = - ^ — = 2<xRw; 
R 

(2) |fl10t| = A V*2 + α2ή = xR V l T v T 

tan p = = . 
α,/2 2φ 
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58. The required axis of rotation must form an angle φ = arctan 0-2 
with the vertical. The angular velocity about this axis must be 

59. The cosines of the angles between the new axis of rotation and 
the three previous axes are given by 

1 . 2 3 
cos a = —-=- ; cos p = — = - ; cos γ = — — . 

V14 V14 V14 
The angular velocity of the rotation about the new axis is ω1 V14. 

60. The required instantaneous axis of rotation will describe a 
circle of radius r = co2RI{col -+- ω2) about the axis of the first disc. 
The angular velocity about this instantaneous axis is ω = ωχ + ω2. 

61. When a car goes round a bend, its outer and inner wheels 
(relative to the centre of curvature of the bend) describe different 
circles, i.e. their paths are different, and the angular velocities of 
the wheels must be different if they are not to slip on the road. The 
differential fitted in the rear axle enables this condition to be ful
filled for the rear drive wheels. Since they are not rigidly connected 
with the engine, they can revolve independently of one another with 
different angular velocities. 

62. Vi = 9-88 msec- 1 ; v0 = 10-12 msec"1. 

63. If x is the horizontal displacement of the shadow of the stick 
on the screen, then x = R cos {cot ± φ). Here cp is the angle be
tween the plane of the screen and the vertical plane, drawn through 
the stick and the disc centre at the instant / = 0. x is measured 
from the point of the screen at which the light ray through the disc 
centre is incident. The oscillations of the shadow will obviously be 
symmetrical with respect to this point of the screen. The velocity v 
of the shadow and its acceleration a are given as functions of time by 

ito) sin (cot ± <p) = Rœ cos f cot ± ψ Λ 1 ; 
V 2/ 

Rœ2 cos {cot ± φ) = Rœ2 cos {ωί ± ψ + π). 

The graphs of x, v, a as functions of time are sine waves, displaced 
in phase relative to one another. 

v = 

a = 

dx 
dt 

d2x 
dt2 
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§2. D Y N A M I C S OF P A R T I C L E M O T I O N A L O N G 
A S T R A I G H T L I N E AND ELEMENTARY SYSTEMS 

64. (1) T = 0-5 kg; (2) T= 1-5 kg; (3) T = 0-9 kg. 
Hint: The balance readings can be found from the equation of 

motion of the body suspended from the balance: 

ma = mg — T9 

where m is the mass of the body, g is the acceleration due to gravity, 
T is the spring tension (which determines the balance reading) and 
a is the acceleration of the body of mass m. 

6 5 . / = — kg; Λ = T k g . 
6 3 

66. Ft = -— F. 
5 
m m Mm 

67. a = g; T= g. 
m + M M + m 

Solution : Since the string length is unchanged during the motion 
of the loads, both of those will move with an acceleration of the same 
magnitude a. The only force acting on the body M is the string 
tension T in the direction of the motion, whence 

T = Ma. (1) 

Two forces act in the direction of motion (vertically) on the body 
of mass m : the gravitational force mg and the string tension T. Thus 
mg — T = ma; on taking equation (1) into account, the required 
quantities can be found. 

68. (1) The upper half of the body exerts on the lower half a force 
whose vertical component is $Mg, and horizontal component 
— \Ma; (2) the left-hand half exerts on the right-hand half a hori
zontal force — iMa, where a is the acceleration of the body. 

69. (1) a = g; 
M + m1 + m2 + m3 

(2) Tx = (Wi + m2 + m3) a, T2 = (m2 + m3) a, T3 = m3a. 
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70. a = g(sin a — k cos a). 
71. F ^ 4 kg. 
72. The string tension is determined solely by the magnitude F 

of the force applied to the bodies; it is independent of the coefficient 
of friction between the bodies and the table, provided this coeffi
cient is the same for each body. 

73. F > (mt + m2)g. 
Hint : In order for the lower mass m2 to rise from the table, the 

upper mass m1 must bounce up so high that the spring is extended 
by an amount x > m2gjk from its undeformed state, where k is the 
coefficient of elasticity of the spring. The mass m1 bounces upwards 
from its static position (when the spring is deformed by its weight) 
through a distance which is equal to the distance that it falls from 
the static position as a result of the action of the external force F 

74. 1,2 and 3 are the forces applied to the board. The forces 1 and 
2 act away from the supports, whilst their reactions are applied 
downwards on the supports. The force 3 acts from the body to the 
board, whilst its reaction is applied to the body. (The reactions are 
indicated by dotted arrows, see Fig. 123.) 

1 

1 
I 

I à 

I 
I 
I 
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1 
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75. The bending of the board decreases when the man squats 
down, and increases when he stands up. 

76. Let A, B, C represent schematically the horse, sledge and 
earth respectively (Fig. 124). The sledge and earth exert forces F2 
and/on the horse, the forces exerted on the sledge are Ft and/ ' , 
and on the earth fx and/ / . 
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By Newton's third law, 

\F2\ = ΙΛΙ; Ι/Ι = Ι/ιΙ; Ι/Ί = Ι/ίΙ-
Since the motion is uniform, we have by Newton's second law: 

1/1 = 1̂ 1; |Λ| =|/Ί; |/i| = \f[\. 
HorsB Sledge 

* 

Λ Λ ,..-
A ° 

f m ° 

F2 Fi o R 
M 

° o ► C < „. o 
fi f i 

FIG. 124 

77. By using the same arguments as in the previous problem, the 
following new relationships are obtained : 

/ - F2 = ma; FL - f = Ma; 

f = 0-2Mg; since \FX\ = \F2\ as before, we have 

/ = M(0-2g + a) + man 117 kg. 

78. (1) If all the wheels are driven, k > a/g « 0-02. In this case 
the minimum necessary coefficient of friction is independent of the 
weight of the car, since the friction force is proportional to the 
pressure of the wheels. 

(2) If only the rear wheels are driven, k > a/ng, where n is the 
fraction of the total weight applied to the rear wheels ; in the case 
in question, n = 5/6 and k > 0-2/(5g/6) « 0-024. 

79. The acceleration of the board must be greater than 0-98 m sec -2 . 
80. Greater than 2-25 kg. 
Solution: The equation of motion of the board is F— 0-5(m + M)g 

— f=Ma, whilst the corresponding equation for the load is 
f = ma, where/ is the friction force between the load and board, 
a is the acceleration. The maximum o f / i s / = 0-25 mg; consequent
ly the maximum acceleration of the load is 0-25 g and the maximum 
force F, with which motion of the load and board as a whole will 
occur, must communicate to the board and load an acceleration 
0-25 g. We must have for this: 

F = 0·25(Μ + m)g + 0·5(Μ + m)g = 2-25 kg. 
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81. AM = 2 ( M - — ) . 

Hint: When the balloon is dropping, Mg — P — R = 0, when 
it is rising, (M — AM)g — P + R = 0, where R is the air resis
tance. 

82. (1) a = 0 ; T = mg; 

( 2 ) a = a r c t a n ^ , T = myl*T7X 
g 

(3) a = —99, i.e. the string is normal to the inclined plane; 
T = mg cos φ; 

b 
— cos φ 

(4) tan a = — ί ; T = m y/g2 + b2 + 2bgsin(p; 
b . IH sin φ 
g 

b cos φ 
(5) tan a = ; T = m y]g2 + b2 - 2bg sin cp. 

1 sin 9? 
g 

Here a is the angle between the string and the vertical; this angle 
is regarded as positive when the deviation of the string from the 
vertical is clockwise; the positive direction of the vertical is the 
same as the direction of the acceleration due to gravity. 

83. (1) The acceleration is the same everywhere and equal to g. 
(2) The acceleration of the stone is greatest at the start of the 
motion, i.e. at the lowest point of its trajectory. 

84. In the absence of air resistance, the acceleration is directed 
vertically downwards. In the presence of resistance the acceleration 
is inclined to the vertical, in a direction opposite to that of the 
motion of the shell. 

85. When firing occurs vibrations are set up in the load A ; when 
they are damped, the resultant force from the springs will be zero if 
air resistance is absent. If a force due to air resistance acts on the 
shell, the resultant force from the springs is m {a — g), where both 
the shell acceleration a and the spring tension are assumed positive 
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when they are directed downwards. This force is directed downwards 
when the shell is rising, and upwards when falling, i. e. it is opposed 
to the motion. 

mtm2 
m , +  m2 

f = 2 T = 4  g. 

87. a = g ;  T = mlm2 (1 + sina)g. mt  sing - m2 
m ,  + m2 m ,  + m2 

+ . This result is easily obtained from the answer mt 

m,  n - 1  
88.- = - 

to Problem 86, by putting a = g/n .  
89. t m 4.5 sec; v m 44 cmsec-'. 

2Amg 
9 0 . p  = = 4.95 g. 

in 

91. (1) The balance inclines to the right, since, when the masses 
m , ,  m2 are in motion, the pressure force on the pulley axis is equal 
to twice the string tension 2T = 4m,m2g/(ml + m2) < (mi + m2)g 
(see the answer to Problem 86). (2)  To maintain the equilibrium of 
the balance the load (m,  + m2)g - 2T = (m,  - m2)2g/(m, + m2) 
must be removed from the right-hand pan. 

a ,  . * g ;  a ,  = -- 2 M ,  - M2 

2 M 1 +  - 
92. a ,  = 

M2 2 '  
2 

Hint: The condition connecting the accelerations a ,  and a2 can 
be obtained thus: if x, , x2 denote the distances of masses M ,  , M2 
from the horizontal plane, then x ,  + 2x2 = const, 
On differentiating this equation twice, we obtain the required 

condition al = -2a2 .  
UPI. 8 
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8m1m2m3g Ti = 
4m2m3 + ml(m2 + m3) ’ 

4mim2m3g 
4m2m3 + mi(m2 + m3> 

T2 = 

Hint: If x, , x2 , x3 denote the distances of masses m, , m 2 ,  m3 
from the plane to which the pulley is attached, we can write: 
x2 + x3 + 2x1 = l2 + 21, + const, where I ,  and 1, are the lengths 
of the strings. On differentiating this twice, we obtain the relation- 
ship between the accelerations of the three masses which is needed 
for solving the problem 

a2 + a3 + 2a, = 0. 

94. In both cases, the same weight has to be added to the scale pan : 
1 

Am 
2+- 

Ap = gAm w 12g. 

m 
95. (1) Add to the scale pan the weight 

Ap = gAm/(2 + Amlm) w 22.7 g . 
(2) Remove from the pan the weight 

Am 
1 + -  

m 
Am 

2+- 
m 

Ap = gAm = 27.3 g. 

96. Both monkeys reach the pulley simultaneously, after time 
t = 113~. Indeed, the rope tension is the same on both sides of the 
pulley. Hence the accelerations and velocities of the monkeys rel- 
ative to the pulley are the same. Since they approach one another 
with a speed 3v, they traverse the total path 1 in time 1 1 3 ~ .  

97. The lighter monkey reaches the pulley sooner, inasmuch as 
its acceleration relative to the pulley is directed upwards, whereas 
the acceleration of the heavier monkey is downwards. 
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98. The speed of the larger ball is times the speed of the 
smaller. 

99. v = 1 dl * di
 gr2 = 0-25 cm sec"1. 

9 η 

100.v = ^Uvo^- + iy^t-l\ 

where m is the mass of the body and r is the coefficient of resistance 
of the air. 

Solution: The equation of motion has the form mdv/dt = —mg 
— rv. The result obtained above is found by integrating this equa
tion with the initial condition v = v0 at t = 0. 

101. (1) AS = grit + 

(2) AS 

7> 
Γ m —Lt/\ --τ\1 = t\> τ H e m lì - e m IL 

where v0 is the steady-state velocity of a drop, r is the coefficient of 
resistance when the drops are falling in air. The time / is measured 
from the instant when the first drop starts to fall. 

102. (1) The speed v of the boat will vary with time in accordance 
with 

mv0 v = 
1 + rv0t 

where m is the mass of the boat and r is the coefficient of resistance 
of the water. (2) Given the assumption regarding the dependence of 
the resistance force on the speed, the boat must continue moving 
indefinitely and (3) the path traversed by it will also tend to infinity : 

5 = ^ l n ( l + 
m J 

However, this assumption concerning the resistance ceases to be 
valid when the speed of the boat is low; the resistance becomes 
proportional to the first power of the speed (see the next problem). 
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103. v = vQ exp (— ri/m), and it is obvious that, with the given 
assumption, the boat will continue to move indefinitely. However, 
the condition lim S = v0mlr will hold for the path S traversed by 

r->oo 
the boat after dropping the sail (see the result of the previous 
problem). 

Y 
104. v = v0 S, where the notation is the same as in the 

m 
previous problem. 

105. Tmax = ^ L K d i n g = 18,000 kg. 
Note : Neither the parachute cords, nor the parachutist on whom 

the cords would act with the same force, could sustain such a ten
sion. In reality the parachute opens gradually, not instantaneously, 
and the tension is much less. 

106. v' = t;landing \JTImg = 12 msec"1; 

T = m(vfaU — v')l(T — mg) = 0-61 sec. 

1 0 7 = Wig - m2(g - a2) . R = rn1m2{2g - a2) 
m1 + m2 rrii + m2 

108. Both monkeys reach the pulley simultaneously, after a time 
τ = yjllßa. For, the force due to the rope tension is the same 
throughout its length, i.e. the monkeys have the same accelerations 
relative to thé earth. They start to move simultaneously, approach
ing one another with acceleration 3a; in order to reach the pulley, 
they both have to travel a distance /. 

109. (1) The pendulum will fall with the board, without chang
ing its relative position. 

(2) The speed of the pendulum relative to the board ceases to vary 
as soon as the board starts to fall, and the pendulum starts to revolve 
about its point of suspension with this velocity. 

110. T = 2nJ— , where g' = slg2 + a2. 
v g' 

111. T = In 
g 

file:///JTImg
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When a = g the period becomes infinite, i.e. the pendulum does 
not oscillate. When a > g, the pendulum turns upside down and 
oscillates about its highest point with the period 

2π ' 
a- g 

112. Γ = 2π ' l 

g cos a 
113. The body will perform oscillations on the spring. The am

plitude of the oscillations will be equal to the spring extension due 
to the load in the fixed cage. 

114. The acceleration of the trolley is dvjdt = f/(M — Amt). On 
integrating this equation and using the fact that v = 0 at t = 0, 
we get 

f Λ Μ 
v = -^— In Am M — Amt 

115. v = J — (l2 - / o ) ; * = /0cosh| (Vf·)· 
Hint: The solution is obtained by integrating the equation 

mx = mgx/l, where m is the mass of the rope and x is the length of 
rope hanging down at a given instant from the table. 

The initial condition is v = 0 at / = l0. 
116. In order for the distances between the balls to be the same, 

the springs must have different lengths in the unextended state (or 
have different elasticities), since the weight of two balls acts on 
spring I, and of only one ball on spring II. Hence: 

(1) When the system as a whole falls freely, the centre of ball 2 
will not be the centre of gravity of the system, and the acceleration 
of the mass of ball 2 is not the acceleration of the centre of gravity 
of the system, inasmuch as the distances between the balls vary due 
to the action of the springs. The centre of gravity of the system has 
constant acceleration g. At the initial instant the individual balls 
will have the following accelerations : 

(2) ax = 3g, a2 = a3 = 0; 
(3) ax = 0 , a2 = -gt as = g. 
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Solution : The initial conditions for equilibrium of the system 
will be 

mg - Tthr + T± = 0, 

mg - TL + T2 = 0, 

mg - T2 = 0, 
where 7Ί, T2 and rthr are the tensions of springs I and II and the 
thread respectively. The values of ΤΊ, T2 and Ttht can be found 
from these equations. The fact that the thread or spring is cut 
instantaneously implies that Tthr or T2 vanishes. At this instant the 
equations of the second law of dynamics for the balls become (in 
the first case) 

mg + Tx = ma±, 

mg - Tx + T2 =ma2, 

mg - T2 = ma3, 
or (in the second case) 

mg - TthT + Tx = mai, 

mg - Tt = ma2, 

mg = ma3. 

On solving the system of equations corresponding to each case, we 
can find the required values of the accelerations of the balls at the 
initial instant. 

117. The acceleration of the wedge is 

mg sin 2<x 
ai = 1 

2(M + m sin2 a) 
the acceleration of the body is 

— Mg sin 2a 
a2 = ; 

2(M + m sin2 a) the force due to the pressure of the body on the wedge is 

Mm cos a 
N = g-

M + m sin2 a ' 
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the force due to the pressure of the wedge on the horizontal plane is 

_ M(m + M)g 
M + m sin2 α 

Solution : We draw the forces acting on each body (Fig. 125). The 
force N alone can communicate acceleration to the wedge in the 
direction of the x axis (horizontal axis). We write a1 for the acce
leration of the wedge M, a2 for the horizontal, and a3 for the vert-

Mgt 

IR 
FIG. 125 

ical component of the acceleration of the body m. The equations 
of dynamics now give: 

N sin a = Ma±, mg — N cos a = maz ; 

JV'sina =ma2, \N\ = \N'\. 

The accelerations at, a2, a3 are also connected by a kinematic 
relationship, following from the condition that the body m slides 
over the face of the wedge. This relationship can be obtained thus : 
let x, y be the coordinates of a point of the body m on the surface 
in contact with the wedge M ; the point lies on the line 

y = tan OL(X — b). 
Since x and b vary during the motion, whilst a remains constant, 
we can differentiate this equation twice: y = tana(3c — b); it may 
easily be seen that y = — α3, χ = — a2 and b = ax\ thus the 
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required relationship is a3 = tan α(α2 + αχ). If we solve simulta
neously the equations of dynamics and use the relationship obtained 
between the accelerations, the answers quoted above are obtained. 

§ 3. STATICS 

118. F = P -Q(Q must be < P). 

J_ 
119. H = h + 2 « 5-5m. 

V4P2 - p2 

120. If the cable were inextensible and the supports absolutely 
rigid, it would actually be possible for an arbitrarily small force to 
break the cable; but the fact that the cable is capable of at least 
small extension and that the supports can deform implies a definite 
restriction of the tension that a small force can produce in the cable. 

121. A compression of 5 kg on the girder AB; a stretching force 
« 7*1 kg on the wire CB. 

122. ß = 4 \/5 kg, F = 4 (75 + 2 V? + Js - 2 >β) kg, 
and is inclined to the vertical at an angle a = arctan \ V 5 — 1 to
wards the hook A, 

123. k > tan 15° =0-176. 

124./ = 22-5 kg, F = 37-5 kg, (P2)max = 180 kg. 
Hint : Let fa be the tension of the piece a of the rope,/ò the tension 

of the piece b and so on. Then/fl =fb = / a n d / c =fd= 2/. The 
equilibrium conditions are P1 + P2 =fa+fb+fd = 4 / . 

125. F = 200 kg, T = 1000 kg. 

126. d = -ZL \ID2 - h2 « 0-05 cm. 
A* 

127. &min = i , i7 > JP, where P is the weight of the cube. 

128. d = - P. 
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3 π 

130.Xc = ^±^R. 
3π + 12 

131. xc = , where xc is the distance from the 
3 oc — cos a sin a 

centre. 

132.^ = - - . 
3 π 

*~~ « ~* « 8a V3a 
133. Λ = 21Ρ; χ = — ; j ; = - — . 

7 7 
134. Γ = ^ . 

32 
/ß/ji: We can assume that each hemisphere is acted on by two 

forces of equal magnitude T, applied at the points where the string 
passes from one hemisphere to the other; since the distance of the 
centre of gravity of a hemisphere from its centre is 3R/S, the equa
tion of moments gives (pjl) (3ÌÌ/8) = 2TR. 

135.(l)TAB=f-(COSXtariß
 + ^ . 

2 \ cosy sin myj 

-i(: c o s a t a n e s i n a ^ __ F cos a 
TAD — cos γ sin γ J cos β 

(2) tan a = tan β tan γ, and the force F lies in the plane formed 
by AB and AD. 

136. No, since there is no force which would balance the moment 
of the gravity force about the edge B. 

137. F = T, the component directed downwards being 
4 

3Γ/4, and that directed from the wall 7)4. 

138. T = F = — (P + p) = 900 kg. 
2A 
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Hint: Since there is no friction at the supports, we have F = Ti 
these forces form a couple, the moment of which is M = T · h and 
balances the moments of the gravity forces about the supports. 

139./ = 1 kg in both cases. 

§4. WORK, POWER, ENERGY 

140. The work A = 200 kgm. The potential energy U = 100 kgm. 
Half the work goes into increasing the kinetic energy of the rising 
load. 

141. 0-06 kgm and 0-038 kgm. 

142. 4-25 m; « 8-16 msec-1. 

dt 
143. d /mv2\ 

~ds\2~) ~ 

144. The work A x 

145. 

146. 

17 = 0-6 kgm. 

1 kgm. 

mv 

4-2 

dv 
Έ 

dt 
— =m 
ds 

\ x 10s kgm. 

147. W = ^ - Svhg h.p. 
75 

148. W - mvl 

4/ 

149.(1) U = mgl(l - c o s a ) . 

(2) A = mal cos a da = mal sin a. -i 
(3) On equating the work done by the inertia force to the po

tential energy of the plumb-line, inclined at an angle a, we find that 
g(l — cos amax) =a sin amax, whence we easily obtain 

tan max = — or amax = 2 arctan —. 
2 g g 
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(4) On comparing the result obtained with the result of Problem 82, 
we find that in fact amax = 2a0, since 

a0 = arctan —. 
g 

(5) After setting the plumb-line free, it first deflects through the 
angle amax, then starts to oscillate between the direction determined 
by this angle and the vertical, i.e. about the direction determined by 
the angle a0. The oscillations are gradually damped and the plumb-
line remains in the position given by this angle. In this position the 
sum of the forces acting on the plumb-line is equal to ma and the 
plumb-line moves with the truck. 

150.330 m. 
Solution: When the train brakes (deceleration a) the plumb-line 

starts to oscillate (see the solution of the previous problem) and de
flects a maximum angle 2ajg = 3°π/180° = 0-052, consequently, 
2a = 0-51 msec-1, 

5 - Ü . 
2a 

151. v «= = 11Ί km sec-1, where R is the radius of the 
terrestrial sphere. 

152. In view of the fact that the gravitational field is lamellar 
and all mechanical processes are reversible in it, a rocket whose 
initial velocity exceeds the value found in the previous problem 
will obviously overcome the earth's gravitational force and pass into 
interplanetary space. 

153. T « -— « 6*2 x 109 kgm, R is the radius of the earth 
l + A 

R 
and g the acceleration due to gravity at the earth's surface. 

154. W = pv(k cos a + sin a). 

155. Solution: The equation of motion of the boat is of the form 
mdv/dt = —rv2. On multiplying both sides by the element of the 
path dS, we obtain on the right the element dA of the work done by 
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the resistance over the path dS: 

dv ΛΟ 2,70 v2
0m2dS m — · dS = -rv2dS = —r — = dA 

dt (m + rv0t)2 

or 
v2

)m2vdt vlm3dt mvdv = d t 1 = —r = — r 
(m + rv0t)2 (m + rmv0t)3 

On integrating these equations under the conditions v = v0 at 
t = 0 and v = 0 ax / -> oo, we find that the right-hand side of the 
equation is also equal to \mv2

Q, which is what we wished to prove. 

156. U = - — , where x is the spring deformation. 

^ „ „ 2250P Λ 
157. Γ = kg. 

nRn 

1 5 8 . ^ ^ - k g m s e c - . 
3000 

159. Clockwise, since the working part of the belt will sag less 
and will embrace a greater part of the pulley circumferences than in 
the case of counter-clockwise revolution, and the coupling of the 
belt with the pulley will be greater. 

§ 5. L A W S OF CONSERVATION OF M O M E N T U M 
AND E N E R G Y 

160. v = 10 cm sec-1. 

161. F = = 17 kg, where M and m are the masses of the 
2SM 

rifle and bullet. 

^ ^^ M \2gl sin a 162. v = 
m cosa 

Hint: This expression for v is easily obtained by applying the law 
of conservation of momentum to the component of the momentum of 
the gun and shell along the inclined plane immediately before and 
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after the instant of firing. The impulse of gravity (acting on both 
bodies) during the short period At of firing is negligibly small. 

163. S2 = 5000 m. 
Solution: The fact that one half of the shell falls to a point below 

the point of breaking indicates that the entire momentum of the 
shell at its topmost point has been communicated to the second 
half. The fact that half the shell falls 19-6 m in 1 sec implies that it 
has an initial velocity v0 downwards at the instant of breaking, and 
hence the second half has the same momentum upwards. Thus the 
second half has an initial velocity 2vh0T in the horizontal direction 
after breaking (where vhor is the horizontal component of the shell 
velocity on firing), and v0 in the vertical direction. The speed v0 is 
given by . 

h = ν0τ H , 
2 

where τ is the time taken for the first half to fall. The horizontal 
component vh0T of the velocity is given by the equations St = vh0Tt 
and h = igt2; vh0T = S^gjlh. The distance from the point where 
the second half falls to the point of breaking, measured horizontally, 
can be found from the formula which describes the travel of the 
shell in vacuo: 

Lgr 2 V g \gr 2 / J 

On replacing vhot by S^gjlh, we obtain the answer: 

-*U*fc-W?*£-iX] + 1 

ΛϋΛ Ρί(Ό + ύ) + Ρν Ρ^ν-ύί + Ρν 
164. v1 = — ; v2 = v ; v3 = — . 

P + Pi P + Pi 
165. 9 msec - 1 and 1 msec - 1 . 

i £ * « rniv1 + m2v2 # (m^ + m2v2)2 
loo. v = , l = . 

m1 + m2 2(Wi + m2) 

167. On condition that mjm2 > 20, where m^ is the mass of the 
sphere with the smaller energy. The answer is easily obtained from 
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the relationships 
2 2 m^Vx — m2v2 

lOm^l = m2vl, v = - ^ — > 0, 
mx + m2 

where v is the speed of the spheres after impact, vx and v2 are their 
speeds before impact. 

168. v = 1000 msec-1 (from the equation mv = Mv^). 

169. F -™L. 

170. F = - ^ ^ « 2 5 0 0 kg. 
At 

where zlwi is the mass of the coal and At the time in which this 
mass is loaded on to the tender. 

171. The work is 

FAS' = — vAS' = Am · v2, 
At 

whilst the kinetic energy of the coal is \Am · v2, i.e. half as much. 
When the pieces of coal come in contact with the tender, they first 
slide along the floor (in the opposite direction to the motion of the 
tender) and part of the work done by the locomotive is used in over
coming the resultant friction forces. This work (which is trans
formed into heat) is equal to \Am · v2. 

172. The extra pressure on the table (over and above the weight 
of the part of the cable already lying on the table) is due to the mo
mentum losses of the falling elements of the cable when they strike 
the table. Let an element of cable of mass dm = μάχ fall on to the 
table in the element of time dt, where μ is the mass per unit length 
of the cable and dx is the element of length of the cable. The force 
exerted by this element on the table will be 

,„ dmv udxv 0 
AF = = — = μν2

9 
dt dt 

where v is the velocity with which the element dm reaches the table. 
But evidently, v2 = 2gx, where x is the length of the part of the 
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cable lying on the table. Hence A F = 2μgx. The total force acting 
on the table is therefore 3μgx. 

173. The ball leaves the wedge horizontally and continues in a 
parabola (see Fig. 126). 

174, p = 2mv cos a. 

Φ 

/ S Λ 4·5υ 

FIG. 126 

175. AT = 2m(v — u) u; Ap = -2m(v - u); the body remains 
on the wall after impact if: 

v 
u = —-. 

2 
Hint: The laws of elastic impact on the moving wall are easily 

obtained if we pass to the limit in the formulae for the velocities after 
impact of two elastic bodies, putting the mass of one body (the 
wall) equal to infinity. 

176.* = — ^ — . 

177. At the instant when the drum stops, the tension is equal to 
the weight of the lift, as when the lift is moving; the cable then stret
ches and the tension gradually increases, until the point when the 
cage stops. At the instant when the cage stops the tension is a 
maximum which is greater than the weight of the cage. (It is clear 
from this that the lift cannot remain fixed in this position; it starts 
to rise and oscillations of the cage set in.) 

The rate of increase of the tension and its magnitude depend on 
the elastic properties of the cable and the mass of the cage. 
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178. The elongation «55 cm, T « 55,000 kg. 

179. h = 0-005 — /. 
m 

-ΛΛ ^χ ~ M + m fr . oc 
180. (1) v = 2 V lg sin — ; 

m 2 
IM \l lg sin — 

(2), = 
mv 

m 

2M \llg sin — 
2 

(3) v = -
m 

The problem of the impact of a ballistic pendulum (a rigid body 
revolving about a fixed axis) and a bullet is solved by applying the 
law of conservation of momentum to the pendulum-bullet system. 
This method is naturally only permissible when the impact of the 
bullet is not transmitted to the pendulum axis. This is precisely the 
situation when the bullet strikes at the so-called centre of oscillation 
of the pendulum, whose distance from the axis is equal to the re
duced length of the ideal pendulum, and the velocity of the bullet 
is perpendicular to the straight line joining the point of suspension 
to the oscillation centre. When the impact is at an arbitrary point 
of the pendulum, the law of conservation of angular momentum 
has to be applied to the pendulum-bullet system. In the previous 
case, using the law of conservation of angular momemtum is equiv
alent to using the law of conservation of momentum. Problems 250 
to 252 are similarly concerned with impact on a rigid body mount
ed on an axis. 

m1 + m2 m1 + m2 > /: 2 

182. (1) It describes a parabola above the plane, the height of the 
vertex being \h\ (2) it slides uniformly along the plane with velocity 
y/gh. 
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183. The box will not move, because the normal pN and tangen
tial pt (relative to the inclined plane) components of the momentum 
p of the vertically incident body will satisfy the relationship pN/pt 
= tan a, which is also satisfied by the components of the weight 
of the box: mgN/mgt = tan a = k, and the box does not move as a 
result of the action of the latter. After the incident body has come 
to a complete stop in the box, the increase in the weight of the box 
does not cause it to move for the same reason. 

184. The distance is Ml\{M — ra), where M is the mass of the 
train before uncoupling, and m is the mass of the wagon. 

„ _ Mu mu 
185. w = ; v = -

M + m 

186. Si = i S2 = 
M + m 

+ nm Ma —ma „ mMa 
187. a, = — ; a2 = ; F = -

M + m 

Ml 
M + m 

—ma 

188. (1) v = 

M + m M + m M + m 

— Amu 
M + m 

(2)5, ~Aml , S2= i ^ 2 ™ ) ' 
M + 2m + Am M + 2m + Am 

dv 
189. M— = -au. 

dt 
Solution: The equation of motion is easily found from the con

servation of momentum in the rocket-gas system. On equating the 
moment of the system at the instant t to the moment at t + dt, 
we get 

Mv = (M - dM) (v + dv) + dM(v + u). 
On neglecting second order terms and recalling that dM = μάί, we 
obtain the required equation. 

190. Solution: 

r —uudt —dM u dt aM 
dv = — = = —u . 

M dt M M 
UPI. 9 
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On integrating the equation under the condition v = 0 at M = M0, 
we obtain v = u In (M0/M), or ev/u = M0/M. 

191.(1)» = -w( l - e"^ f ) ; 

©,- 2 f l - J5L)W W = I for „ - « 
V M / M 2 2 

Solution: On equating the moments of the system at the instants / 
and / + dt9 we obtain 

ΛΛ = M(v + ifc) - (w - ν)μ dt. (1) 

After integration, we obtain the modulus of the vessel velocity as a 
function of time. The efficiency of the system is given by the ratio 
of the useful work (in our case this is the increment of the kinetic 
energy of the vessel d(\Mv2) = Mvdv) to the work of the pump 
(ίμάί ' u2) over equal time intervals: 

IMvdv 
μη2 dt 

On using equation (1), we can write: 

2(w — v)v 
*i = — H - · 

u2 

We seek the maximum of this expression as a function of v/u, and 
obtain 

1 n u 
'/max = — for v = 

§6. DYNAMICS OF A POINT PARTICLE 
IN CIRCULAR MOTION 

- Λ ~ , ,Ν ^ ,ΛΝ « mv2 , _ „ mv2 

192. (1) P = mg; (2) P = mg ; (3) P = mg + 
jR R 

where R is the radius of curvature of the bridge. 

193. F = (1 + 4kh) mg; a = 4 JfcgA. 
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Solution: At the low point of its trajectory the ball has an accelera
tion aN9 directed upwards. Thus the pressure of the ball on the 
bottom of the bowl can be written as F = m(g + aN). The acceler
ation aN can be found as follows. Differentiating the equation of the 
paraboloid twice with respect to time, we have z = 2k(x2 + y2) 
+ 2k(xx + yy). Hence the required acceleration a of the ball at the 
lowest point of its trajectory, where x = y = 0, will have the value 
a = z0 = aN = 2k{x2

0 + y2) = Ikv2,, where 
v2o = 2gh; (1) 

thus z0 = aN = Akgh. Notice that this method of solution avoids 
calculating the radius of curvature of the parabola at its low point, 
which must usually be known in order to find the normal acceler
ation 2 

ρ (2) 

where ρ is the radius of curvature of the trajectory. Knowing the 
equation of the parabola, we could use differential geometry to find 
the value of , 

Q=— - (3) 
2k 

Then, by using expressions (1), (2) and (3), the value of aN could be 
found by a different method to that described above. 

194. v0 = vgR « 8 km sec-1, the shell acceleration is equal tog, 
and is normal to the trajectory. 

195. The shell trajectory is an arc of an ellipse. This curve is 
represented by a continuous line in Fig. 127. The remainder of the 
ellipse is shown dotted. One focus of the ellipse coincides with the 
centre of the earth. The shell acceleration a will always be directed 
towards this focus, where a = yMjR2, and γ is the gravitational 
constant, M the mass of the earth and R the distance to the centre 
of the earth. 

196. (1) H = 5R/2. (2) The forces acting on the truck are the 
gravitational force mg and the pressure of the rails (mv2/R) — mg, 
where v is the speed of the truck at this point. (3) If it does not reach 
the highest point, the truck leaves the rails and moves along a para
bola until it encounters the rails at the low point of the loop. 
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197.it x 0-4. 
Rg 

198. v = V-Rgcota. 

199. (1) sin a = 
S - ω2/ 

(2) The trigonometric equation co2/sinoc + œ2r0 = g tan a is 
solved by using the Fig. 128. 

(3) There will be a break in the string at the point where 

FIG. 127 

the extra weight is attached, since the direction of the string, deter
mined by the angle a, depends on /, which is twice as great for one 
of the weights. 

200. ω2 = g 

201. R 

J(R + I)2 - (R + r)2 

10ϋ2 

g \ln{2 + 0-01«) 

202. During the loop the aeroplane has an acceleration a = v2/R 
= 9 msec-2, directed towards the loop centre. At the bottom of the 
loop the air pressure acting on the wing is 

750 
m(a + g) = (9 + 9-8) kg « 1-4 ton, 

9*8 

http://197.it
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i.e. the wing loading is almost twice that in horizontal flight. This 
shows the need for strengthening the structure of an aeroplane for 
performing the figures of higher pilotage. 

a is the 
root of the 
equation 

FIG. 128 

203. At the bottom of the loop the pilot is pressed to his seat by 
a force (80/9-8) (60-5 + 9-8) kg « 563 kg, and at the top by a force 
« 403 kg. 

A 

FIG. 129 

204. When v2jR > g9 the "plumb-line" is directed upwards, 
when v2jR < g it is downwards (Fig. 129). The sketch shows the 
positions of the plumb-line at other points when v2jR < g. 
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205. The load M occupies either the nearest possible position to 
the axis, or the most remote. The position at the distance 

Moo2 

from the axis corresponds to an unstable equilibrium, since even 
when the radius R is increased slightly, the weight mg is insufficient 
to maintain the mass M on the circle, and it moves away to the most 
remote point from the axis. Conversely, if R is reduced slightly, the 
weight mg is greater than the force needed to maintain the mass at 
the distance R and it approaches the axis. 

206. The same answer as in Problem 205. 
207. Solution: The mass M will perform a motion along the circle 

of radius R0 = mg/Μω2. Since the angular momentum of M must 
remain constant, we have McoR2 = N = const. Hence it follows 
that the centrifugal force can be written as 

N2 
f=Mœ2R = 

MR3 

Figure 130 illustrates the graph of the centrifugal force as a 
function of R. The constant string tension F = mg acting on the 
mass M in the opposite direction is represented on the figure by a 

Centrifugal force 

-Weigh! of mass m 

FIG. 130 

straight line parallel to the axis of abscissae. The stable position of 
the mass M on the rotating rod corresponds to the point of inter
section of this line with the centrifugal force curve. A deviation in 
either direction of the mass M from the position R0 gives rise to a 
force which returns MtoR0. This means that this position of M is 
stable. The difference between this result and that of the previous 
problem is explained by the fact that the angular momentum of the 
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system is assumed constant in the present problem. The entire argu
ment depends on choosing conditions such that R0 is not small. 
Otherwise it is impossible to neglect the moment of inertia of the 
device compared with the moment of inertia of the mass M. 

208. Assuming that the mass m is not too large, there are two 
possible positions of equilibrium: R02 (stable) and R01 (unstable) 
(disregarding the position of stable equilibrium R = 0 (Fig. 131)). 
Since in this case the constant angular momentum is (MR2 + /0) ω 

= a, the centrifugal force is equal to Ma2R/(J0 + MR2)2. The 
stability of the equilibrium can be considered by using the graph of 
the forces, as in the previous answer. 

A Centrifugal force 

^ W e i g h t of mass m 
i \ 
i X ^ 
i ^ * » 

Ö i ^R 
Ren RO2 

FIG. 131 

The existence of two positions of equilibrium of the body on the 
rod in this case follows at once from the fact that the centrifugal 
force must tend to zero not only when R -► oo as in the conditions 
of the previous problem, but also when R -> 0. For, the fact that 
the system has a moment of inertia J0 means that, when the mass 
M approaches the axis of rotation, the speed of rotation remains 
finite, and the expression Mco2R tends to zero as R -> 0. A continu
ous function must have a maximum between two zeros, and hence 
its graph must cut twice any straight line parallel to the axis of ab
scissae, which lies below the maximum ordinate of the function. In 
our present case the graph cuts twice the straight line corresponding 
to the force mg. The different signs of the derivative at its points of 
intersection with the line / = mg in fact determine the stability or 
instability of the positions of equilibrium of the mass M. 

209. The string connected to the axis is stretched by a force 
œ2[mxR + m2(R + L)]; the string joining the masses is stretched 
by a force co2m2(R + L). 
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210. The spring tension must be proportional to its elongation. 
The coefficient of elasticity of the spring must be Μω2. 

211. k « 48 gem-1. 

212. Either at the bottom or the top, depending on the value of ω, 
since the position of equilibrium corresponding to the distance 
R = (g/ω2) CE/ED from the axis is unstable. See the answer to 
Problem 205. 

213. Γ « l-6Pkg. 

214. The slope is arranged so that the pressure of the train is 
normal to the plane of the road bed and so that the wheel treads 
do not tear the rails sideways from the sleepers. 

tan a = , 
Kg 

where a is the angle of inclination of the road bed to the horizontal, 
v is the speed of the train and R is the radius of curvature. 

215. The floor is the paraboloid of revolution z = co2(x2 + y2)/2g; 
the z axis is along the axis of revolution, the origin is at the lowest 
point, and the x, y axes are in the horizontal plane. 

216. (1) The string tension vanishes when its position is given by 
the angle a (Fig. 48) for which 

2 
cos a = — . 

3 
(2) At this point of the trajectory, 

(3) The ball will continue its motion along a parabola until 
the string is again strçtched as a result of the displacement of the ball. 

217. Solution: The bullet leaves the gun with a velocity directed 
to the south. It will therefore be acted on by a westwards Coriolis 
acceleration 

d2x 
■ = 2νω sin Ç9, 

dt2 



DYNAMICS OF A POINT PARTICLE IN CIRCULAR MOTION 137 

where ω is the angular velocity of rotation of the earth and φ is the 
geographic latitude of the firing point. If we regard the bullet 
velocity vector as constant to a first approximation, double 
integration over time of the Coriolis acceleration will give us the 
westward deviation of the bullet from its initial direction as 
x = vt2co sin <p = 5*8 cm. 

218. The method of solution will be clear from Fig. 132. The 
locomotive exerts a force 

F = Imvco sin φ = 25 kg, 

FIG. 132 FIG. 133 

on the right-hand (viewed from the direction of travel) rail, where 
ω is the angular velocity of rotation of the earth about its axis. 

219. Figure 133 illustrates the arrangement of the angular vel
ocity and force vectors required for the solution. The train velocity 
vector is perpendicular to the plane of the figure and is directed 
away from the reader. The vertical component of the Coriolis force 
is 

FR = Imvco cos φ — 14-9 kg. 

The southwards horizontal component of the Coriolis force is 
Ft = 2 mvco sin φ = 25-3 kg, where φ is the geographical latitude. 

220. In addition to the gravity force mg, the Coriolis force 
fCor =2m[v A ω] will act on the falling body. In our case h = 100 m, 
so that \2[v Λ ω]| <̂  g, and we can take/ C o r = 2mgtco9 which is 
always directed normally to the radius of the earth passing through 
the initial position of the body at the height h above the earth. As 
a result of the action of this Coriolis force the body acquires an 
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eastwards acceleration d2xjdt2 = 2gtœ. On integrating this equation 
twice over time with the initial conditions x = 0 and x = 0 at 
t = 0, and using the fact that we find for the east
wards displacement of the body when it has fallen from the height h : 

2 \/2Α3/2ω „ „ x = —— = 2-2 cm. 
3Vg 

221. (1) In a fixed reference system the deviation of the falling 
body towards the east (from the vertical through the initial point 

(a) (b) 
FIG. 134 

of the body) is explained by the difference in the tangential velocities 
of points of the earth's surface and of a body at a height h above the 
earth. The linear velocity of the point C (Fig. 134(a)) produced by 
the daily rotation of the earth is vc = Rœ, where R is the radius of 
the earth and ω is its angular velocity of rotation. Similarly, for a 
body at a height h at the point A, ντ = (R + fi) ω. Consequently 
VA — vc = Αω(1). According to the law of inertia, the falling body 
must retain its initial tangential velocity. During its fall, therefore, 
the body moves eastwards beyond the point C. This fact was first 
pointed out by Newton in 1679. When h < R, the difference (1) 
between the velocities of the points A and C must, during the time 
t = \l2hjg that the body is falling, lead to an eastward displace
ment x = h(u\j2hj\fg from the point C. 

This calculation is only approximate, however. We have assumed 
that the body moves uniformly in the tangential direction relative 

file:///l2hjg
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to the earth. At the same time, the gravity force will be normal to 
the initial velocity of the body only at the point A. At subsequent 
points of the elliptic trajectory (see Problem 195) the gravity force, 
which is always directed towards the earth's centre, will no longer 
be perpendicular to the body's velocity and will vary in absolute 
magnitude as well as direction. Let us carry out the calculation, 
taking this situation into account. It is easily seen from Fig. 134(b) 
that the acceleration of the falling body along the x direction is 

x (R + h) cot i = -gsina« —g — « —g -— « —gcot. 
R R 

On integrating this equation with the initial conditions 

\d) = V° = ( J R + A)W 

when / = 0, we obtain the following accurate expression for vbody: 

dx 1 
l>body = = gO)t2 + (R + h)C0. 

dt 2 
The next integration (with the initial conditions x = 0 at t = 0) gives 
the value 

Xbody = gcot2 + (R + h) œt. 
6 

During the time that the body is falling, the point C on the earth's 
surface is displaced xc = Rœt (when h < R). As a result the dis
placement of the body towards the east relative to the point C be
comes 

_ 2V2 h3/2co 
•^body %C — ^ f— 3 v̂  

This expression naturally coincides with the result of Problem 220, 
which was solved in a rotating reference system connected to the 
earth. 

(2) The application to the falling body of the law of conservation 
of angular momentum is based on the following considerations. A 
central force of attraction of the earth acts on the body. The angular 
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momentum of the body relative to the earth's axis must therefore 
remain fixed. Thus (if we consider a body falling to the equator) 

m(R + h)2œ = m(R + y)2 (ω + — - — ) , (1) 
\ R + yJ 

where M is the mass of the body; R is the earth's radius; h is the 
initial height of the body above the earth; y is the distance of the 
body from the earth's surface; ω is the angular velocity of rotation 
of the earth; v is the tangential velocity of the body relative to the 
earth. On assuming h and y < R, (1) gives us v = 2ω(Α — y). On 
the other hand, h — y = \gt2. Hence v = cogt2. The displacement 
x of the body from the foot of the perpendicular drawn from its 
initial position to the earth's surface is 

f IH , , 2 \/2 coh3/2 

I V n Ϋ2 tit = . 
3Vg 

X = v dt = cog 
o 

Q 

0 

This elegant solution is due to K. A. Tumanov. 
If the experiment is carried out at the geographical latitude φ, a 

factor cos φ appears in the expression for x. 
222. The water surface is at an angle a = arctan Ivœ/g sin φ to the 

horizontal, where v is the speed of flow of the river, ω is the angular 
velocity of rotation of the earth, g is the acceleration due to gravity. 
The result is obtained from the condition that the liquid surface be 
normal to the resultant of the forces applied to it, i.e. the force of 
gravity and the Coriolis force. 

§ 7. D Y N A M I C S OF A R O T A T I N G R I G I D BODY. 
D Y N A M I C S OF A SYSTEM 

m2 — ιηΛ 
223. a2 = —a1 = J 

m2 + m1 H 
The string tensions are 

m1gJ _ m2gJ 
2m1m2g + —if- Im^g + —±f-

Γι = ; τ2= 
j 2 J irti + m2 H m± + m2 H 
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the stress is 
T3 = Tt + T2 + Mg. 

Solution: The tensions T1 and T2 in the left and right-hand sec
tions of the string will be different. The equations of the progressive 
motions of the suspended loads are 

m2g - T2 = m2a2, (I) 

m^g - T± = m^. (II) 

The equation of the pulley rotation about its geometrical axis is 

(T2-T1y = j^-9 (in) 
dt 

where dco/dt is the angular acceleration of the pulley. Since the 
string is inextensible and does not slip on the pulley, we have 

a2 = - a i = r ^ . (IV,V) 
dt 

The answer is obtained by solving the five equations (I-V), 
containing the five unknowns al9 α2,ω,Τ± and T2. 

gt2 

(-f) 2R[\ + 

Mg 

A[l+Mg 

224. φ = 

225. T = 

2p 

~~^ dco m2R — πΐχΥ m ( dco\ 
2 2 6 . - — = - ^ \ -g; T1=m1lg + r-—); 

dt m2R2 + mxr2 + J \ dt J 

mg 
227. The weight must be removed from the pan. 

1 + — 
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228. If the same weight as in the previous problem is removed from 
the pan, because the load acceleration is the same (both in magnitude 
and direction), whether the load is rising or falling. 

229. a = *r + pr g. 
pr2 + PR2 + 2(P + p)r2 

M + m irxs o 
230. a = g « 196 cm see-2, 

M + m Λ 
r2 

where / is the moment of inertia of the disc and shaft, and M is their 
mass. 

231. Solution: Let \f± &ndif2 be the tensions of the upper and 
lower strings. Then the acceleration of the centre of gravity of the 
coil is a = {Mg + f2 — fi)/M; the angular acceleration of the coil 
is dœjdt = (f2 + fi) r\J\ the load acceleration is at = (mg — /2)/w. 
It follows from the kinematic conditions that a = rdœjdt = \αγ. 

Hence 
M + 2m n Λ J \ 

a = _ g ; 
Am + M + — 

r2 

fi =*n(g - 2a). 

n =y.m + —.ja-

232. The acceleration of the centre of the lower disc 

d2y mr2 

n 

is 

tfi = 
dt2 J 

— + \ mrz J 

d2X 

dt2 
mrz 

mrz \ mrz J 

of the upper disc, a2 = 

Solution: On writing y for the coordinate of the centre of the lower 
disc, and x for the coordinate of the upper disc centre, ω^ and ω2 
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for the angular velocities of the lower and upper discs, Tx for the 
tension of the lower pair of strings, and T2 for the tension of the 
upper pair, we can write the following equation of motion and 
kinematic relationships (the latter follow from the condition that 
the strings be inextensible) : 

mg + Tx - T2 = ma2, a2 = œ2r, mg - Tx = maL, 

a1 — a2 = œxr, T2r = Ja>2, Txr = Jœx. 

On solving these equations simultaneously, we obtain the accelera
tions. 

2 
233. a = — g sin a (Fig. 135). 

mg sina 

FIG. 135 

Solution: The equation of motion of the centre of mass of the 
disc parallel to the inclined plane is 

mg sin a — fft = ma. (1) 

The equation of the disc rotation about its geometrical axis is 

J%--f«R, (2) 
dt 

where dcojdt is the angular acceleration of the disc, / is its moment 
of inertia and R its radius. Since there is no slipping, 

« do) ,-x a = R —■. (3) 
dt 

Equations (1), (2) and (3) give us a, dco/dt and^r. Since the disc 
is solid and uniform, / = \mR}. On substituting for / in the expres
sion for a, we obtain the result quoted in the answer. 
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5 

234. a = — g sin a. 
7 

The friction force is (2/7) mg sin a, where m is the mass of the 
sphere. 

235. T = Mv2, where v is the velocity of the hoop centre. 

2 3 6 . / = — mg sin a = 50 g. 

237. fc > — t a n a . 
3 

238. (1) The sphere. (2) In the ratio Vl5/14. (3) In the ratio 15/14. 

239. The shaft pointed at the end is the more suitable. The fric
tion force is invariable, but the moment of the friction force about 
the axis is proportional to the radius of the support surface. If kN 
is the friction force, N the pressure on the support, then, given a 
uniform distribution of the friction force over the support surface, 
its moment per unit area will be 2kNR/3, where R is the radius of 
the support. 

240. a = — =115 cm sec"2. 
3 A mx H · 4m2 + m3 2 

E(R cos a - r) R T 
241. a = — — , where / and m are the moment 

J + mR2 

of inertia and mass of the coil respectively; a > 0 if cos a > r/R; 
the friction force/ = F cos a — ma. 

242. Let/denote the string tension a n d / ' the force of interaction 
between the frame and the roller. If the roller travels behind, we 
can write the equations of motion as 

3 
— Mta = M ig sin α + / ' for the roller 
2 

M2a = M2g sin a — / ' + / for the frame. 
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M3a = M3g(sin a — k cos a) — / for the body of mass M3. We 
obtain from these equations: 

(Μχ + M2 + M3) sin a — kM3 cos a 
a = g, 

- M! + M2 + M3 2 

a — k{ — 
\ 2 

— M ! sin a — A: [ ~ Mi + M2 ) cos a 
/ = M3g — 

3 
— M ! + Af2 + M3 
2 

If tan a > k(3 + 2M2\M^), then/ > 0. In order for the string to 
be stretched in this case, the roller must start off behind. If 
tan a < k(3 + 2Μ2/Α/Ί), the roller must start off in front. 

243. a>=Jlf. 

Hint. — (cox)2 dx = , by the law of conservation of 
2/Jo 2 

energy. 
244. N « 52 x 1040 g cm2 sec"1. 

245. 1-67 x 1011 ton · km. For the angular momentum, see the 
previous answer. 

246. The speed of rotation increases up to (1 -{- mR2jJ)n r.p.m. 
The kinetic energy of the rotation increases by 

An2n2mR2 

36 x 102 
R2 Λ , mR2\ 

if m is in grams and R in centimetres. The increase in energy comes 
from the work done by the man in moving over the disc. 

mrv 
247. ω = 

-î- MR2 + mr2 

2 
UP I. 10 
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248. (l)AEk 

d(o 

ANSWERS AND SOLUTIONS 

J\œ\ 

249. 

; (2)AEk= _ 
J2 2J2 

kgCL 

dt 
-pl2 + IP 
3 

Γ1*2 + (/+ Ä)2l 

250. With the part 2/3 the length of the sabre from its handle. 
Solution: Suppose an impact with force F has occurred at a 

distance r from the mid-point of the sabre, which we regard as a 

- * - F 

0 
FIG. 136 

uniform lamina (Fig. 136). Under the action of this force the 
lamina starts to move progressively and to rotate; if the point O 
is to remain at rest, the hand will not feel the impact. We write down 
the equation of motion of the centre of gravity C of the lamina : 

dv 
m — = F, 

dt 

where dvjdt is the acceleration of the centre of gravity. For the 
rotation of the lamina relative to the axis through the centre of grav
ity C, 

ml2 dco _ 
12~Ί/Γ " r' 

where dœ/dt is the angular acceleration of the lamina, m is its mass 
and m\2\\2 is its moment of inertia relative to C. The point O is at 
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rest if the velocity v of the progressive motion and the linear velocity 
of 0 due to the rotation of the lamina about the point C with an- 
gular velocity w are of equal magnitude and in opposite directions, 
or if 

dv 1 dw 
di 2 dt 

On substituting this condition in the equation of motion, we get 

- 

1 
6 

r = - 1 ,  

whence the answer is easily obtained. 
The required point on the lamina (sabre) is the so-called centre 

of impact, which coincides with the centre of oscillation of an ideal 
pendulum consisting of the same lamina suspended at the point 0. 
Relieving the axis of rotation from the action of the impact is 
particularly necessary in the case of a ballistic pendulum (see also 
Problem 180). 

251. The lamina will rotate with angular velocity 

12m v w =  - 
4m -+ 3m, a ’  

whilst the sphere travels backwards with velocity 

3mo - 4m 
4m -+ 3m, 

v1 = V .  

252. v = ,/$ sin 5 x 6 m sec-l. 
m(l - a) 

253. The motion of the coupling piece along the rod is given by 

x = a,, cosh wt = 2 cosh 40 nt, 

P 
g 

M = 2 x -  wwgcm x 64 x lo5 sinh 80nt dyn cm. 

Solution: The motion of the coupling piece is best considered in a 
rotating system of coordinates. Its equation of motion along the rod 
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under the action of the centrifugal force will now be 

d2x 
m = mœ2x. 

dt2 

The general solution of this equation is x = Αβωΐ + Ββ~ωΐ. On 
substituting x(0) = a09 i(0) = 0, we obtain the solution. 

The angular momentum of the coupling piece relative to the axis 
of rotation of the rod is N = mœx2; it increases with time. To in
crease it the external moment 

dN M = = 2mœxx. 
dt 

has to be applied. 
254. Solution: The moments equation for the cylinder rotation 

about an axis in the plane of rolling will be 

mWl + l ^ - f K , 
V 2 / dt 

where R is the cylinder radius. If the cylinder rolls without slip, 
its centre of gravity has the horizontal acceleration 

do _ da> 
dt dt 

communicated by the friction force; consequently, 

klg + —)>R— = —-, 
V m) dt *(ι + γ) 

where k is the required coefficient of friction. 
By hypothesis, F\m = ig. Hence dvjdt = gß and k > 2/9. 

255. Solution: Rolling without slip. The forces acting on the 
cylinder are shown in Fig. 137. The string tension is F9 the friction 
force /, the load acceleration a. The equation of the progressive 
motion is: for the cylinder, F +f = \ma> for the load, Mg — F 
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= Ma ; the equation of the cylinder rotation is (F —f)R = \mR}a\2R. 
Hence we obtain 

f-jma, F-jma, ^ ( l + J - j g. 

There will be no slip if | / | < kmg or k > (8 + 3/w/M)-1, where 
k is the coefficient of friction. 

Rolling with slip. The angular acceleration of the cylinder is β, 
the acceleration of the cylinder axis is b. The equations of motion 
are now: F + f = mb, (F-f)R = imR2ß, Mg - F = Ma. The 

FIG. 137 

accelerations are connected by the condition a = b + ßR, and 
the friction force / = kmg. Hence we obtain a = (1 — km/3M) 
x (1 + mßM)-1g, on condition that k < (8 + 3m\M)-Y. 

Note: It is useful to consider the motion w h e n / = 0 (in the ab
sence of friction). 

256. Let /be the force exerted by the rod on the rollers. The equa
tions of motion of the rollers can now be written as follows (the 
linear and angular accelerations of both rollers are the same) : for 
the first, 

dv . ^ Ύ do) „ n 
m = mg smα + / - Fx, J± = FÌR; 

dt dt 
for the second, 

dv · r j? T dœ 
m = mgsmoc — f — F2, J2 = F2R; 

dt dt 
where Fx and F2 are the friction forces between the rollers and the 
plane. In addition, since there is no slip, we have dv/dt = Rdco/dt. 
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Hence 
dœ 2Rg sin a 

« 66 sec"2 and 

m 

/ = ^ - ^ * 0-27 kg. 
2i? dt 

Given our choice of signs in the equations of motion, a positive 
value of/corresponds to the fact that the rod is compressed and 
pushes the rollers. Consequently, if the roller with the greater mo
ment of inertia is below, the rod is compressed; if it is above, the 
rod is stretched. 

257. Solution: Let a be the acceleration of the load m2, b the 
acceleration of the support, ß the angular acceleration of the cy
linder. The string tension is / , the coefficient of friction k. 

(1) The equations of motion are 

F-f=m2a, f=(mi+m3)b, fR=im3R2ß. 

The condition coonecting the accelerations is a = b + ßR. Hence 
we find that a = (μ + m2yxF, where 

μ = (mi + m3) (3 + 2 ΗΐΓ 
è = (3 + 2 ^ y V ß=2(l + ^.)±. 

m3J \ m2J R 
(2) The first two equations of motion are F — / — km2g = m2a, 

f — (nil + w3) kg = (mi + m3) b, the third is the same as in case 
(1) and we have the same connection between the accelerations. 
Hence we obtain : 

a = (m2 + μ)-1 F - kg, b = ( 3 + 2 — j a - 2kg ■ μ 

ß = 

m3J m3 

a — b 
R 

(3)a = (mi+ m2yxF — in the absence of friction ; a = (mx + m3)~l 

F — kg in the presence of friction, ß = 2Fjm3R. 
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258. The hard-boiled egg rotates as a rigid body, the raw egg as a 
vessel filled with liquid; when we communicate a rotation to the 
shell, we do not communicate a rotation to every particle of the 
liquid. 

~ ̂ Λ * dco 2πμα31ω f T . * 
259. / — = ■ , where / is the moment of inertia of 

dt Ò 
the rotor and / is the length of the bearing. 

Hence ω = ω0 exp f — ), where ω0 is the initial velocity. 

260. Solution: A force F = 0-1P acts on the cylinder, which has 
initially the angular momentum Jco0. This force communicates 
angular and linear accelerations to the cylinder: 

d™ FR _ . g Λ dv F 
— = -_ = -0-2-2L and — =g— =0-1 g; 
dt J R dt P 

hence ω = ω0 — O-lgt/R and v = 0-lgt. The time Tis given by the 
condition v = coR or œ0R - 0-2gT = OlgT. Hence T « 2-14 sec. 
When t > T the acceleration is zero. 

261. After crossing the boundary the cylinder is first slowed down 
at a uniform rate then moves with constant velocity; 1/3 the energy 
is converted into heat, 2/9 into rotatory energy, and 4/9 remains as 
the energy of the progressive motion. 

Solution: Let m be the mass of the cylinder, / its moment of 
inertia,/the friction force and v0 the initial velocity. Then 

whence 

dv r r T dco ™ —- = - / ; fi = J —, 
dt dt 

f J fit 
v = v0 t and ω = , 

m J 
After crossing the boundary the sliding velocity will be vsl = v — 
or = v0 — aft, where a = \\m + r2jJ = 3/m (since / = \mr2). 
After time T — v0/<xf the sliding velocity becomes zero, and pure 
rolling without slip commences. The speed of the progressive mo
tion in the case of pure rolling is vr = v0 — fio/mocf = v0(l — 1/ma) 
= 2i?o/3. The angular velocity of rolling is cor = fiv0IJoif = vQrjJvL. 
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Hence ßp r o g = \mv\(\ - 1/moe)2; g r o t = \mv%r2\m^2J\ the energy 
converted into heat is gheat = i ^ o - ôPro8 - Grot = imvUma. 
The work done by the friction forces can also be calculated in
dependently; it is found to be \mv\\m&. 

262. F > F0, where F0 = {μχ + μ2) (mA + mß)g. 
Solution: The maximum horizontal acceleration that the body B 

can have is a = μ2£· The force F0 communicating the acceleration 
a is given by 

F0 - μ1(ίηΛ + mB)g = (mA + mB)a; 

on substituting for a in this, we obtain the answer. 

263. (1) The acceleration of the body is 

Af(sin a — a cos a) cos a 
02 = ~T,—T— τ^— *■ 

M + m(sin a — μ cos a) sin a of the wedge, 
m 

ax = a2. 
M 

(2) The acceleration of the body is 
M sin a(cos a + a sin a) 

*2 = τ; :—r-— r £> 
M + m sin a(sin a — μ cos a) 

of the wedge, 
m sin a cos a — μ(Μ + m cos2 a) 

0i = ~ -g* 

M + m sin a(sin a — μ cos a) 
(3) In the first case μ < t ana , in the second the condition for 

motion of the wedge is μ < m sin a cos a/(M + m cos2 a). 
264. amin = g—, where g is the acceleration due to gravity; 

h 
N = mg; 

__ ah 
X~~2g' 

265. (1) A:min > — ; (2) if k < kmin, the car will slide on the bend 
h 

when v = 
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266. The cylinder topples over and falls from the disc when the 
angular velocity of the latter is 

pDg 
V Rh 

267. The analysis cannot be confined to the forces acting on the 
wheel; the forces acting on the other parts of the locomotive must 
also be taken into account. 

Let us consider separately the forces acting on the wheel and the 
locomotive (Fig. 138(a)). We shall assume for simplicity that the 

. Π 
r / ft \ ri Q1 

r / Q 1 _ ^ r ,* o 
■^ ( o I o *► 

FIG. 138(a) 

locomotive has only one driving wheel. When the drive-gear is 
above the wheel-axle the locomotive is acted on by a force g ' from 
the drive-gear and F' from the wheel. The wheel is acted on by a 
force/from the rails, F from the locomotive and g from the drive 
gear. We shall simplify the discussion by assuming that the motion 
of the locomotive is uniform. By the second law of dynamics, 
F = / + g , by the third law g = g ' and F = F'. The force 
/ = F' — g' is applied in a forward direction to the locomotive. 
When the drive-gear is below the axle (Fig. 138(b)) the force dis
tribution is as follows: the forces applied to the wheel are/, g and 
F, and/ + F = g (by the second law of dynamics), whilst the forces 
applied to the locomotive are/'and g ' [Ff = Fand g ' = Q (by the 
third law)], so that the resultant g ' — / ' = / i.e. a force directed 
forwards, is applied to the locomotive. 

In the second case, therefore, the wheel axle pushes the locomo
tive backwards (the force F'), but at the same time the greater force 
g ' pushes it forwards. 
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2 6 8 . / =-Q. 
K 

269. The angular velocity of precession is 

mgl sin a mgl Ω 
Jœ sin a Jco 

where a is the angle between the top axis and the vertical. The 
direction of the precession is the same as the direction of rotation of 
the top. 

270. M = J —- = 62-3 kgm. 
30R 

271. By the law of dynamics, dNjdt = M, where TV is the angular 
momentum vector and M is the moment of the force acting on the 
body. In the present case the moment of the force acting on the 

FIG. 138(b) 

planet (measured relative to the sun) is M = [r A F], where r is 
the position vector of the planet, and F the force of attraction that 
the sun exerts on the planet. Since r and F are directed along the 
same straight line, we have M = 0 and hence N = const. This 
statement holds for all motions under the action of central forces. 

272. Solution: The following relationships can be used for the 
proof: 

N = [r A mv] = [mr A [ω A r]] = \mr A \ — Λ Y , 
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where o = da/dt is the angular velocity of the planet, and a is the 
angle of rotation of its position vector. Using the fact that 

mr2da ds 
dt dt 

[,, A [$ A r ] ]  = - = 2 m -  = 2 m o ,  

we obtain the required equation. For, by the rules of vector algebra, 
the last vector product can be written as [r A [a A r ] ]  = Q * r2  - 
- r(r - o) = or2 ,  since r I o. But or2  dt = r2 da is twice the 
area swept out by the position vector r in time dt . It follows from 
what was proved earlier (see the previous problem) that (r = const. 
The last relationship amounts to Kepler’s second law. 

$8. GRAVITY 

273. g = - - 974 cmsec-2. 
3 

274. g = g, - x 975 crnsec2. 
(R:J 

275. g, x 162 cmsec2 .  

276. a = - - - 28g, where g is the acceleration due to 4n2R3 
T2r2 

gravity on the earth’s surface. 

277. The same as to the earth itself (if the earth‘s diameter is 
neglected compared with its distance from the sun), i.e. the accelera- 
tion 

4n2 R 
T2 

a = -  x 0.6 cmser2 ,  

where R is the radius of the earth’s orbit and T the period of the 
revolution of the earth about the sun. 

where AT is the difference between the periods T of the oscillation 
of the pendulum in Moscow and Leningrad. 
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279. The clock goes about 2-5 times more slowly, since gMlgE 
0-16 (see Problem 275). 

280. R « 785 · 106 km. 

An2R (2\2 _ r 2 
281. gs « — « 275 msec"2. 

, / MyT2 

282. D = \ — - — , where y is the gravitational constant. 
v An2 

283. g = 4n26°3R ~ 985 cm sec-2. 
T2 

284. U(R) = mg ° , where iÊ0 is the radius of the earth. 

Solution: The gravity force acting on a body at a distance r from 
the earth's centre is / = mgR^/r2. Thus the potential energy at a 
distance R is 

£/(*) = fdr = — 
i i 

285 . t; = ι;0 Λ / — ? where r0 = \gRo ~ 7-9 km sec"1, 
V R 

is the velocity of the satellite in a circular orbit (theoretical), the 
radius of which is equal to the earth's radius JR0 . 

Hint: The gravitational force exerted by the earth on a satellite 
of mass m is mgR^/R2. 

286. R = *l R0 « 6-61R0, where R0 is the earth's radius 
o>2RQ 

and ω = 2π/24 χ 3600 radian sec -1. 
Hint: The centripetal acceleration co2R of the satellite must be 

equal to the acceleration communicated to the satellite by the 
gravitational force gR^/R2. 
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287. (1) The first. 

R, _ 2gR0 

Solution: By the law of conservation of energy, we have for the 
first shell: 

^o ~ n Ro 
— - gR0 = -g — , 
2 Rt 

since its speed at the highest point is zero, or R1 = 2gRlJ{2gRQ 
— vQ. See also Problem 284 and its solution. For the second shell, 
by the law of conservation of energy, 

—- - gR0 = — - g —-, 
2 2 R2 

where v± is its speed at the furthest point; in addition, by the law of 
conservation of angular momentum, 

Hence we obtain 
v0R0 = ViR2. 

v2
0Ro 

R2 = 
2gR0 - v% 

^ 0 n Ro 288. R. = ϋ , R2 = 

l· 

where μι%2 = 

μι - 1 μι - 1 

2g*0 

(v0 ± coR0)2 

ω is the angular velocity velocity and R0 is the radius of the earth. 
Rx « 6·81ίο, R2 « 2-52 R0. 

Hint: See the solution of Problem 287. 

289. vc = \j2gRo « l l ^ k m s e c - 1 . 
The velocity can be at any angle to the vertical. 

Solution: By the law of conservation of energy, %mv* — mgR0 
= 0. The potential energy at the earth's surface (see Problem 284) 
is —mgR0, whilst at an infinite distance the kinetic and potential 
energies are both zero. 

file:///j2gRo
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290. v2 = Vi— = 54-6 km sec-1. 
/ 

291. Solution: We imagine a particle at a point A of space 
(Fig. 139), surrounded by an indefinitely thin spherical layer of 
material. We draw from A a cone of indefinitely small angle, shown 
sectionally in Fig. 139. The cone cuts areas do1 and da2 from the 
layer. The normals to both areas form the same angle with the 
axis of the cone, so that do^\r\ = de2\r\. Since the layer is uniform, 
the gravitating masses inside the cone are proportional to dox and 
do2, so that the resultant attraction exerted by these masses on a 
particle at A is zero. 

The entire spherical surface can evidently be split up by such 
cones, so that the gravitational force at A due to the entire layer is 
zero. Any uniform spherical layer can be imagined as consisting of 
indefinitely thin spherical layers, so that the gravitational force in an 
interior cavity of a uniform spherical layer is zero. 

The answer is still the same if the density of the material in the 
spherical layer depends on the radius. 

FIG. 139 

292. Solution: We split the sphere into two parts by means of a 
sphere of radius r (Fig. 140). If the body (point) is situated on the 
boundary of these two parts, the gravity force due to the outer 
part is zero (see the answer to Problem 291), whilst the gravity 
force due to the inner part is proportional to r3 (the mass is pro
portional to the volume of the sphere), and inversely proportional 
to r2. Thus the gravity force acting on a particle of mass m is 
/ = kmr, where k is a coefficient of proportionality. Since this 
formula must hold for any r and, in particular, for r = R0,WQ have 
/ = kmR0 = mg; hence we find that k = g/R0 and obtain the re-
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quired result: 

/ = mgr 
^R7 

wigr2 3 
293. U(r) = mgR0, where m is the mass of the body 

2XVQ 2 
and r its distance from the centre of the earth. 

FIG. 140 

Solution: Inside the shaft the gravitational force is (see Pro
blem 292) / = mgr/Ro, hence 

U{ri) - U(0) = fdr -I 2R0 

or 
U(ri) = U(0) + rngr\ 

2*o 

We can choose £/(0) so that the potential energy given by the form
ula quoted in Problem 284 is the same as that obtained on the 
earth's surface when r1 = R0 ; now, 

U(R0) = £/(0) + H^L = -mgRo, 

or 

17(0) = mgR0. 
2 

294. v = JgR0 = 7*2 km sec-1. 
Hint: See Problem 293. 
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295. All the bodies in the shell are in the same gravitational 
field as the shell itself, and therefore undergo the same acceleration 
as the shell; hence a body suspended from a spring balance fixed 
relative to the shell does not cause an extension of it. The mass of 
the body may be measured by the following method. The spring 
can be used to communicate a certain acceleration relative to the 
shell, and the mass can be determined from the ratio of the force 
(measured from the spring extension) to the acceleration (the mass 
of the shell is assumed very much greater than the mass of the meas
ured body). 

296. The balance indicates the "weight" p = ma dyne = ma/g 
g. The spring balance suspended in the shell will stretch in this case 
in the opposite direction to the shell's deceleration (due to the re
sistance of the planet's atmosphere). 

297. If there were no air resistance the equipment in the shell 
would cease to record the existence of a gravity force when the 
shell left the mouth of the gun. Because of the air resistance the 
shell acquires an extra negative acceleration, and the equipment 
in the shell records a "gravity" force in the opposite direction to the 
acceleration to which the shell is subjected, i.e. in the direction of 
the shell's motion. 

298. The linear velocity of an orbiting satellite is inversely pro
portional to the square root of its distance from the central body. 

R 
Ay ^ VB 
<—^ ^ c^^ 0 

a r r 
FIG. 141 

Whereas the linear velocity of the elements of a continuous ring is 
directly proportional to their distance from the central body. 

299. Solution (see Fig. 141): Let O be the centre of mass of the 
bodies A and B. The fixed distance between A and B will only be 
preserved when they rotate with angular velocity ω = (l/R) 
vy(MA + MB)/R about the point O. The conditions for equi
librium of bodies C and D may be written in a rotating coordinate 
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system (fixed to A and B) as 

Mc{- - ^ 2 + a>>(R- a- r)+ ?ψΧ + FC =0, 
I (R — r)2 r2 ) 

M D \ - - ^ + ̂ R-a + r)-^\+FD=0, 
{ (R + r)2 r2 J 

where the direction from A to B is taken as positive, Fc and FD are 
the required forces and γ is the gravitational constant. On elimin
ating ω, using the relationship αω2 = yMB\R} and neglecting higher 
order terms with respect to r/R, we finally obtain: 

Fc = JMC | - ^ + ~ (3MA + MB)\ , 

FD = yMD j ^ · - —■ (3MA + MB)\ , 

i.e. when Mc = Mp either force is less than the force of attraction 
of the corresponding mass by the body B, the difference being the 
same in either case. 

300. Solution: In Problem 299 we can regard A as the centre of 
the sun and MA as its mass, B as the centre of the earth and MB as 
the earth's mass, C and D as two positions of the same body of 
mass Mc = MD on the earth's surface (C in the day, D in the night). 
It follows from the solution of Problem 299 that a body will always 
weight slightly less at midnight and noon than in the morning and 
evening. But it may easily be seen that this difference in weight is 
very much less than the force of attraction of the sun, since the 
latter (yMcMJR2) is multiplied by the very small quantity 3r/R. 
(The earth's mass MB can be neglected compared with 3MA, where 
MA is the sun's mass, when estimating the weight changes). 

301. The pattern of Problem 299 can be used to explain the occur
rence of tides due to the moon. The moon A and earth B rotate 
about a common centre of gravity O. At the points C and D on the 
earth's surface, where the water "weighs" less than at all other 
points, water "humps" are formed. To calculate the tide-forming 
forces, we substitute the masses of the moon and earth respectively 
UPI. 11 
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for MA and MB. We then use the formulae obtained in Problem 299 
(since the mass of the moon can be neglected compared with that of 
the earth) to find approximately the weight of a body of mass M at 
the points of the earth's surface nearest to and furthest from the 
moon: 

where g0 is the acceleration communicated by the earth, r is the 
earth's radius, R the distance from the centre of the earth to the 
centre of the moon. 

302. The point at which G = 0 divides the straight line joining 
the centres of these planets in the ratio 9:1, i.e., it lies at a distance 
« 36-7 x 103 km from the surface of the moon. 

303. ,4 « 5-4 x 106kgm. 
Solution. The minimum work in displacing a mass m from the 

earth to the moon can be written thus: A « wi£EarthgEarth — 
^^Moon^Moon, where RE&rth and RMoon are the radii of the earth and 
moon respectively, and gEarth > g Moon the accelerations due to gravity 
on the surfaces of the earth and moon, caused by the gravitational 
forces of these planets (see the solution of Problem 287). 

§9. E L A S T I C DEFORMATIONS 

304. p = 2450 kg cm-2. 

305. No. The length of a cylinder which cannot support its own 
weight is / = p/y, where p is the breaking strain, y is the specific 
weight of the material; / = 175 m. 

306. p = EoL(tx — t2); pwinter Ä +1000 kg cm- 2 (extension) and 
Aummer ~ -375kgcm- 2 (compression). 

307. D = 27 mm. 

308. Av = — IP, where E is Young's modulus and μ is 
E 

Poisson's coefficient. (A v < 0 in the case of compression and Av > 0 
in the case of extension). 
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309. Q = - ^ - α2ρ 11 677-5 kg. 

dl2 
310. Al = , where d is the specific weight of the rod material, 

IE 
I is its length, E is the modulus of elasticity; the volume increase is 
Av — (1 — 2μ) v^d/lSE, where v0 is the initial volume, μ is Pois-
son's coefficient, S is the cross-sectional area. 

311. -d/t = 2Al2 
4P 

k2 + 4kx 
Λ = 

4k, 
k2 + 4fci 

P, 

P2 = 
2k2 

k2 + 4k1 

312. The rope deformations (elongations) are shown enlarged in 
Fig. 142. 1, 2 and 3 are the numbers of the ropes, a is the angle be
tween each pair. If the length of the middle rope is L, the elongation 
of the first and third is εχ = ε3 = (AIJL) cos a, of the second ε2 
= Al2\L = Zl/i/Lcosa. The tension σ = Εε for each rope, E is 
Young's modulus for the material. Hence σ1 = σ3 = σ2 cos2 α. 

\ Ayvy 
ALJ\!/Al5 

FIG. 142 

313. If P2 is the tension in the middle rope, Px the tension in the 
side ropes, and a the angle between the ropes, 

Λ = Pcos2 a 
1 + 2 cos3 a 

P2 = 
1 + 2 cos3 a 

JVöte; It is useful to consider the case when the cross-section of the 
middle rope is half that of the side ropes. 
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314. P, = P 6a2 + a3 

2 al + 4a2 + <*3 

i>3 = — 
2a2 - at 

2 Xi + 4a2 + a3 

a2 = 
1 

P2 = 
3cct + a3 

where a, = 

2 ax 

« 1 = 

1 
s3 

+ 4z2 

1 

+ « 3 

All the rods are strained when Si > %S2. 
Solution: ΙΐΔχχ is the elongation of the first rod andzlx3 of the 

third, we can write the following equations: (1) P = AS1Ax1; 
(2) P2 = AS2$(Ax1 + Ax3) ; (3) P 3 = ^^zJxa , where A is a definite 
constant. We can add two further equations: (4) P1 + P2 + P 3 
= P is the equation of the equilibrium of the forces, and (5) Pt 
= P2 + 3P3 is a consequence of the equality of the moments. The 
answer is obtained by solving these equations. 

315. P = 125 kg, λ = 5 mm. 
Hint: (1) If the maximum tension in the rod cross-section at the 

point of constraint is a, the distribution of the normal stresses in 

FIG. 143 

this cross-section is described by laz/a, where a is the height of the 
cross section and z is the distance from the mid-point of the section. 
The fact that the moment PI of the external forces is equal to the 
moment of the internal forces can now be written as 

P/ = Aob f^r It 'dz aba2 

where b is the width of the rod section. 
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(2) The bending curve of a clamped cantilever (Fig. 143) is given 
by the differential equation 

ax2 

where P(l — x) is the moment of the external forces about the 
section having the coordinate x, J is the moment of inertia of the 
cross-sectional area about the horizontal axis through the centre of 
gravity of the section. For a rectangle of height a and width b9 
J = a3b/l2. The bending equation can be integrated twice, using 
the conditions 

j(o) = 4L(°)=°· 
ax Now, 

i_jir<,_M.i 
dx EJ Jo EJ 

"»-■hli'-ir)*-

Ix - — 

lx2 - — 
2EJ \ 3 

whence λ = y{ï) = Pl3/3EJ; on substituting for / , we get 

i 4P/3 

/ = = 5 mm. 
a3bE 

PI3 
316. λ = 

4SEJ 
Hint: The sag can be calculated from the formula given in the 

previous answer, if we note the fact that the cross-section at the 
mid-point of the beam does not turn during the deformation. The 
bending is thus the same as for half the beam clamped as a canti
lever, with the support reaction, which is equal to \P, acting at the 
end of the beam. 

317. Solution: Let the displacement of the end of the rod be AL 
Under the action of the force P2 from the central spring the beam 
bends upwards by the amount ô. The rod will now be in equilibrium 
under the action of the forces shown in Fig. 144, where P^ = kxAl, 
P2 = k2(?dl — ô). Assuming that Al is very small, we can find <5 
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from the formula given in the previous answer, or δ = (P — Pi)/3/ 
24EJ. The condition that the moments of the forces be equal is : 
ÌIP2 + PJ = PL 

We find from these equations : 
4 + 2a P 

Al = 

where a = k2l3/24EJ 

4 + β + 2a kt 

stiffness of central spring 
flexural rigidity of half the beam 

iP2 P i 

and 

FIG. 144 

β = k2jk1. On eliminating Al and δ, we obtain the answer: 

4 + β + 2« 

P2 = £ P and <5 = . 
4 + jS + 2a 2 4 + 0 + 2 « ^ 

Examine the case of an absolutely rigid rod « = 0 and the case of 
an ideally flexible mod a = oo. 

318. I = 

319. λ = 

PI3 

2ab3E 

PI3 

Aa*E 

003 mm (see the hint on Problem 316). 

1-25 mm. 

320. Since the moment of inertia of the rod section is / 
π(Ζ>4 — fif4)/64, we have 

API3 

λ = 3π(2)4 - d*)E 1·6 mm. 
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321. E = 
4P/3 

the previous answer). 

104 kg mm - 2 (see the moment of inertia in 

322. E. = — 
1 PI3 

48 nR4À 
Hint: The sag can be calculated from the formula of Problem 316, 

if we observe that, as a result of symmetry, each quarter of the beam 
can be regarded as being clamped like a cantilever (Fig. 145). 

This is possible because the bending moment is zero at the 
points where we have imagined the beam to be divided. As a result 
of symmetry the curvature at these points is zero, so that the bend
ing moment is also zero. 

323. We assume that the rod section at a distance dl from the 
other section is turned through an angle dp relative to it as a result 

FIG. 145 

of the bending. The ring cut out between these sections, of radius ρ 
and thickness φ , will turn through the angle (Fig. 146) 

da = 
qdop 
~di 

The tangential stress in the section, at a distance ρ from its axis, 
will be 

ράφ 
x = N-

dl 
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The moment of the forces acting on the surface of the ring of radius 
ρ and thickness dg, is 

dM = Ιπράρ · τρ = 2πΝ — -̂ ρ3φ. 

The moment of the forces in the section is 

dl Jo dl 2 

FIG. 146 

where r is the rod radius. The moment M is equal to the moment of 
the external forces; hence 

M = 2PR. 
On substituting this in the previous expression, we get 

d<p APR 
dl "~ nNr* ' 

and consequently, 
APRI 

φ = 5 
πΝή 

φ = — « 3-6°. 
5π 

324, When the shaft rotates the centre of mass of the disc de
scribes a circle of radius d + ξ, where ξ is the sag of the shaft, which 
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depends on its speed of rotation. The elastic force fcf communicates 
a centrifugal acceleration to the centre of mass. We can therefore 
write mco2(d + ξ) = k£, whence the bending is 

1 = — ; mm. (1) 

mœ2 

The angular frequency ω = Vit/ m, for which ξ ->οο, is known as 
the critical frequency, and an attempt must obviously be made to 
arrange the conditions so that the shaft does not operate at its 
critical frequency. The shaft may operate above the critical fre
quency. In this case it must be accelerated in such a way that it 
passes rapidly through the critical frequency. The amplitude of the 
shaft vibrations is then unable to increase substantially. 

325. v = k\lFjq, where A: is a dimensionless coefficient whose 
value cannot be found from the method used for solving the pro
blem. 

Hint: [F] = MLT~2; [ρ] = ML" 1 , [v] = LT'1, where M i s 
the mass, L the length and T time. 

We have 

v =f(F,Q), or [v] = [FmQn], LT-1 = {MLT~2)m · (Mir1)", 

whence we obtain the following equations for the respective de
grees of T, L and M in the expressions for the dimensionality of the 
velocity: 

m — « = 1, 2m = 1, m + n = 0, 

whence we find that 

1 1 m = -\— ; n = . 
2 2 

326. 0 4 g. 

327. v = kj—. 
V ρ 

Hint: Make use of the hints for the solution of Problem 325. 



170 ANSWERS AND SOLUTIONS 

328. λ = -
2 

4P 
nd2E 

329. We have from the similarity of the triangles (Fig. 147), 
Al\\d « 2//(Z> + </) for Z) > /, whence Al\l = <//(£ + d). The 
tension produced in the upper part of the wire as a result of its 
elongation is 

o = E— = E 
/ D + d 

= 2 · IO4 x 1 
2000 

= lOkgmnr 

f̂ Neutral 
line 

& Drum centre 
FIG. 147 

330. The shortening of the beam is halved. 
Solution: In the absence of a support the beam will be set in 

accelerated motion. The force of compression in the section at a 
distance x from A will be T = F(l — xjL), since the preceding 
elements of the beam must communicate the acceleration to those 
that follow. The change in length of the element dx at a distance x 
from A will be 

T F ( 
άξ = dx = ( 1 -ES ES 

dx, 

The total change in length is therefore 

AL 
Jo 2 

LF 
ES 

331. There will be no stress, since in this case the earth's grav
itational force acts on all the elements of the beam, communicating 
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the same acceleration to them. In the previous problem the force 
was applied to one end of the beam, and the more remote elements 
acquired acceleration because of the compression of those nearer. 

332. F = ß 
2 2nR2 M. 

2L 3ES 
where x is the distance of the section in question from the axis of 
rotation. 

§ 10. VIBRATIONS 

334. The graphs of the quantities as functions of time are sine 
waves, with a phase displacement relative to one another (they 
are illustrated in Fig. 148 for the vibration x = x0 cos cot). The 
graph of the velocity as a function of the displacement is an ellipse, 
of the acceleration as a function of the displacement a straight line. 
If the amplitude of the displacement is x0, the velocity amplitude is 
v = cox0 and the acceleration amplitude y0 = ω2χ0, where co is the 
angular frequency of the vibration. 

Displacement 

FIG. 148 

1 YYIA. co 
335. Etot = — mA2co2, Ekin = (1 - cos 2ωή, 

2 4 

E pot — 
mA2co2 

(1 + cos2co/). 
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336. Γ = ± J^L 
X>V gQ 

337. T = 2π I 
g(sina + sin/5) 

338. The movement of the piston is given by 

x = J^o_ U-cosS J ^ t ) , 
S2yPo \ V mv0 

i.e. vibrations are obtained with the period 

„ In / mv0 . i _ T = — / — - « 0-15 sec. 

339. (1) There is no difference; (2) the frequency is reduced, whilst 
the amplitude is increased. (For the diatomic molecules N2, 0 2 
and H2, y = cp\cO = 7/5. For the monatomic gas He, y = 5/3.) 

340. Harmonic oscillation with the period T = 2n\lR0jgQ, where 
R0 is the radius of the terrestrial sphere, g0 is the acceleration due to 
gravity at the earth's surface. 

Solution: The acceleration at a point distance r from the centre 
of the terrestrial sphere is g0rlR0 if r < R0, i.e. the acceleration is 
proportional to the displacement. The body therefore performs 
harmonic vibrations about the centre of the earth with amplitude 
R0 and period T = 2n\jR0/g0. (See Problem 292.) 

341. (1) The block will gradually (as the acceleration increases) 
be displaced in a direction opposite to the acceleration; the maxi
mum displacement is ξ = ma\k « 1 cm. (2) The block starts to 
perform vibrations given by x = (majk) (1 — cos cot), where Λ: is 
the coordinate of the block relative to the trolley, measured from the 
initial position of the block, x being regarded as positive in the oppo
site direction to the trolley's acceleration; ω = \lkjm « 9-9sec-1. 
These vibrations are gradually damped because of friction and air 
resistance. 

Note: When computing the displacement ξ and the frequency ω, 
the various quantities mentioned in the problem must be reduced 

file:///lkjm
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to the same system of units (c.g.s., m.k.s. etc.). This point should be 
remembered when solving other problems. 

342. If the deflection of the block from the common centre of 
mass is x1, and the deflection of the trolley x2, we have mx1 = Mx2. 
The equation of motion of the trolley is 

Mx2 = ~{kx2 + xx)\ 

on replacing x1 from the previous equation, we get 

Mx2 + k( 1 + — j x2 = 0. 

Similarly, for the block, 

mxt + k 11 H | ΧΛ = 0. 
V M) 

The trolley and block therefore perform harmonic vibrations of 
frequency ω = \lk(m + M)\mM « 10-8 sec-1. The amplitude of 
the block vibrations is IM\(M + m) = 5 cm, of the trolley Imi 
(M + m) = 1 cm. 

343. T = nJ^. 

344. x = — (l - cos 1^- t 
k \ V P 

The maximum tension in the spring is 2P. 

345. If the force exerted by the board on the load is F' = — F, 
the equation of motion of the load is F — F' = md2xldt2. The 
load acceleration is found from the equation of its vibrations: 
x = a cos cot; we have now — F' = F = —P — maco2 cos cot = 
—(1 + 0-32 cos 4πή kg. We recommend that the graph of the vari
ation of the force F with time be plotted. 

346. A > r = -^r = — T m · ^n ^e case of the limiting g := 9-8 
to2 16π2 

amplitude A0 « 6-2 cm the pressure of the load at the upper point 
becomes zero. 
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gT2 

mg 

P 
349.x < — =20 cm. 

k 

350. At resonance the friction force is equal to the external 
force and FfT = 100 dyne. The velocity amplitude is v0 = Aresco 
= 207Tcmsec~1, k = Ffrlv0 = 5/π g sec-1. 

351. At resonance the phase of the velocity is the same as the 
phase of the external force and the amplitude of the velocity is a 
maximum, hence the work done by the external force in a period 

A = fds = fv dt is a maximum. 

352. T = 2π 
3* 

353. T = 2π I , where h is the height of the triangle. 
2g 

354. 

355. 

356. 

IL 

/ = 

I± 
TB 

= 

15 

/̂> 

2 
Vi' 

cm. 

0-9. 

Solution: Let x be the distance of the centre of gravity of half the 
disc from the disc centre, y the distance of the centre of gravity of 
the entire disc from its centre. Now, the moment of inertia of the 
half-disc relative to the axis through its centre of gravity is J0 
= mQR2 — x2), where m is the mass of the half-disc and R is the 
disc radius. The moment of inertia relative to the axis through the 
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point A is 
R2 

JA = ™lcad(R + x)2 + mlead ( — x2 ) + mal(R - x)2 + mal x 

τ-Μ ^iead( — Λ + 2xj + mJ— R - 2x 

The moment of inertia relative to the point B is 

3 
JB = R \ mlead(--R -

The vibrational periods are 

ΤΑ=2π 

2x\ + mal ( — R + 2x 

JA 

(mal + mlead) (R + y)g 

TB = 2π 
Λ' (mal + mlead)(R - y)g 

On taking account of the fact that 

™lead - ™al , ™lead 1 0 , 
j ; = — ^ ii_ ^ a n d —f^_ = = 45 

™lead + ™al ™al 2«5 

we obtain j = 3*/5. Since x = 4Κ/3π, we have Τ^/Γβ « 0-9. 

357. Γ = 2π LÏ7+( , + Ï ' ) , +7' · : 
Λ 1 0 1 «2\ 

1-29 sec, 

where α = — = 0 - 1 ; 0 = — = 0 - 1 . 
a I 

Solution: T = 2π y/J/Mgh, where / is the moment of inertia of 
the vibrating system, M is its mass, h is the distance of the point of 
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suspension from the centre of mass. In our case 

Mh = ρ Γ1 l2b2 + ίΐ+ϋλ a3! , 

where ρ is the density of the material. 

358. αό = arccos ( 1 ) « 8°, where ω is the frequency 

of the oscillations of the pendulum prior to the load breaking off; 

iïf T = 2π I—« 1-04 sec. 

Hint: At the instant when the load breaks off the rod has the 
angular velocity ά = α0ω, the kinetic energy Ekin = /ΓΟ(1ω2α£/2, 
where JTOd is the moment of inertia of the rod. On equating this 
energy to the work done iMgl(l — cos α )̂ in raising the centre of 
mass of the rod to the point where it stops completely, we obtain 
the new amplitude. 

359. The period will be the same as in the previous problem. The 
amplitude will be equal to the initial deflection of the pendulum, 
i.e. 10°. 

360. Yes, the point is the centre of oscillation (percussion), 
which is 2//3 from the point of suspension. Attaching a load at the 
centre of oscillation of an ideal pendulum does not change its 
period, but the load dimensions must be very small compared with 
the distance from the centre of oscillation to the point of suspension. 

361. Solution: The motion of the pendulum is given by a = 
a0cos (\/3g/2/) t. Newton's second law for the ring gives: F 
— mg sin a = mad, where Fis the normal component of the required 
force, i.e. the normal pressure from the rod. Since sin a « a, we 
have F = m(id + go), and if we replace a, ä from the equation of 
motion of the rod, we get 
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The component Q of the required force tangential to the rod (the 
friction force) is obtained from 

Q — mg cos a = ma2d. 

Oh replacing cos a by 1 — Ja2, we get 

c-4K1~TC0'a>/l') + e2 
or finally, 

3^s i„2 lh.t 
2/ V 2/ 

—[«-4(-"^«-TW^)]· 
362. Γ = π /—. 

363. (1) If the two loads are moved in the same direction in the 
plane through the string clamping points, and through the same dis
tance, the period of vibration is T± = 2n\JmljF « 0-05 sec. (2) If the 
loads are moved through the same distance butin opposite directions, 
the period is 

T2 =2πΙ— «0-035 sec. 
V IF 

(See the note on the answer to Problem 341). 
Hint: In the first case the middle part of the string (between the 

loads) will always be parallel to its initial position, and it is only the 
tension in the extreme parts of the string that will communicate 
acceleration to the loads. The loads will therefore have the same 
motion as twice their mass situated at the mid-point of a string of 
half the length at the same tension. In the second case the mid
point of the string is at rest; each load therefore oscillates as though 
it were at the mid-point of a string of half the length. 

364. If the maximum angular velocity (d(p/dt)max of the pendulum 
during its vibrations is less than the angular velocity co of the shaft, 
i.e. ω — dqj/dt > 0 at any instant, the moment of the friction force 
exerted by the shaft on the pendulum will always be in the same 
UPI. 12 
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direction. Since this moment is constant, whilst the pendulum tra
verses the same path both in the direction of rotation and in the 
opposite direction during its vibrations, the work done by the mo
ment of the friction forces during a period is zero. 

365. During the vibrations the friction force exerted on the coupl
ing-piece by the rotating shaft is in the direction of the motion of 
the pendulum during one half period, when the shaft and coupling-
piece are rotating in the same direction, whilst the force is opposed 
to the motion of the pendulum during the other half period. 

(1) If the friction force increases with the sliding velocity, it is 
greater in the half period when the coupling-piece and shaft are 
rotating in opposite directions. The work done by the friction force 
is therefore positive during a whole period, and the pendulum damp
ing increases as a result of the friction between the coupling-piece 
and shaft. 

(2) If the friction force diminishes with the sliding velocity, then 
on the contrary, for the same reasons, the work done by the friction 
force of the pendulum on the shaft is negative during a whole period, 
and the shaft communicates energy to the pendulum, so that the 
damping of the vibrations is diminished. In the case when the work 
done by the friction on the shaft is greater than the energy losses 
due to friction in the other parts of the pendulum, the energy of the 
pendulum oscillations will increase, the amplitude will increase, 
and the pendulum can perform self-oscillations. 

366; The equilibrium position is displaced in the direction of the 
shaft rotation through the angle 

uR 
φ0 = arctan -— . 

a 

§ 11. HYDROSTATICS AND AEROSTATICS 

367. (1) Yes. (2) The equilibrium can be destroyed if the bodies 
undergo a different change in volume on submersion due to having 
different compressibilities. The compressibility is defined asAv/vAp, 
where Av is the change in the volume v due to the pressure change 
Δρ. 

368. The weights must be made of the same material as the body 
being weighed. 
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369.p "^[dl(dì-dl) + dlò1]g. 
6 

370. F = 1-12 kg. 

371. (1) AtQ « 400 kg; (2) A2Q = 196 kg. 

Hint: The hydrogen pressure in the balloon will also be practically 
equal to the external atmospheric pressure at a height of 2 km. Part 
of the hydrogen leaves the balloon via a valve. Knowing the weight 
of 1 m3 air at a height of 2 km, we can find the weight of 1 m3 

hydrogen at the new pressure from the proportion 

1 _ x 
1-3 " 90 " 

372. If the compressibility of the liquid (or gas) is greater than the 
compressibility of the body, it is possible in principle. 

373. P = H+ h * 1Q3 mm Hg. 
d 

374. Ô = 1 - — . 
n2 

375. F = \ α3γ9 where γ is the specific weight of water, h = aß. 

376. P = 8-64 kg; M = 41-6 kg cm. 

377. P = 34-56 kg; M = 332-8 kg cm. 

378. P = A2 C + 2d = 146 ton. 
6 

379. M = 210 kg m. 

380. Solution: We consider a belt 1 cm wide on the wall of the 
vessel, at a height of 1 m. There are no forces exerted in a hori
zontal direction by the parts of the wall adjacent to the belt, so 
that the liquid pressure forces are only balanced by the elastic 
forces of the belt. Let us consider an element of the belt of length 
Rdcp, where R is the cylinder radius and άφ is the angle. The ends of 
this element are acted on by forces from the adjacent elements that 



180 ANSWERS AND SOLUTIONS 

balance the pressure forced άφ on the element, i.e. 

2F&-=pRap. 

Fis the required stress. On substituting p = 0-4 kg cm-2, i? = l m , 
we get F = 40 kg cm-1. 

381. Δρ = 0-017 kg cm"2. 
Hint: The following arguments can be used for solving the pro

blem. We imagine dividing the balloon by an arbitrary diametral 
plane. The force ApnR2 will act on each hemisphere. The hemisphere 
will be kept in equilibrium by the forces due to the fabric tension 
T, applied over the circumference of the great circle (in the section 
of the balloon by the diametral plane). This means that nR2Ap 
= T2nR, whence Ap = 2T/R. On replacing T by its limiting value 
850 kg m-1, we can find the maximum permissible excess of the gas 
pressure in the balloon over the external atmospheric pressure. 

382. A « 5-4 km. 
Hint: The pressure change dp is connected with the height change 

dh by dp = —ydh, where γ is the specific weight of air. At constant 
temperature p\y = ρ01γ0. On substituting this in the previous equa
tion and integrating, we get γ = γ0 exp ( — yoh/p0)-

383. a = arctan 0-29 = 16° 10'. 

384. a = 4-9 m sec-2 when the acceleration is towards the more 
remote end, a = 5 g in the opposite direction. 

385. There is no change. 

386. The pressure on the front wall of the tanker is 

'-f-i***)-· 
on the rear wall : 
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§ 12. HYDRODYNAMICS AND AERODYNAMICS 

387· v = \fïgh = 9-8 msec-1. 

388. v = V2g(Ä! + 0·9Α2) « 9-5 msec"1. 

389. p = 2-5 cm of water column. 

390. The point of intersection of the jets lies 25 cm below the 
second opening. 

392. A = — = 5-lm. 
2g 

393. When the sailor brought the board up to the hole, the je 
bursting in acted on the board with a force QV2S = iQghS, where h 
is the height of the water column above the hole and S is the area 
of the hole. Once the board had covered the hole, the force acting 
on it was QghS, i.e. half as great. 

2 

394. (1) Ap = - ^ - « 0-06 atm (ρ is the air density). The ventilator 

produces rarefaction, and under the action of the pressure difference 
Ap the air acquires the velocity v in the pipe. (2) Due to viscosity, 
the pressure increases, because part of the pressure gradient is 
balanced by the friction forces. 

395. h = —— , where ρ is the liquid density. 
eg 
PO2 

396. F = S s _ ~ 40 g. 
S 

397. Solution: The vertical speed of the jet at the water level in 
the glass is v = \]2g(H — A). The level in the glass rises by Ah 
= QjS per sec. The pressure on the bottom from the falling water 
is qSvAh. The total pressure is F = hgSq + SvqAh, and t seconds 
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after the start 

h =Aht = Q-t, 
S 

Finally, 
F = AfiQS[gt + ^2g(H - A)]. 

-ßejy + ^ ^ - f ' ) 
398. It is necessary to apply the force F = 2Sqg(h1 — h2) = 0-5 kg 

pushing the truck away from the top tap. 

399. The balance reading drops by 12-5 g. 
Solution: The water flowing from the hole acquires the moment

um qv2S = 2qghS per sec. The water in the cylinder in turn exerts 
this force on the water in the jet. This means that the jet exerts an 
upward force IqghS on the water in the cylinder. The vessel stand
ing on the balance must therefore exert a force equal to the weight 
of the water minus IqghS on the water at rest in the cylinder. 

The reduction in the pressure of the water in the cylinder on its 
bottom is thus twice the previous pressure qghS of the water column 
at rest over the same area S. 

400. The pressure on the cover falls by 72-5 kg. 
Hint: The water flowing below the cover will acquire per second 

the momentum qSv2 = IqghS = 72-5 kg m sec - 1 , i.e. the water in 
front of the cover will exert a force 72 · 5 kg m sec" 2 on the jet flowing 
out. By Newton's third law, the jet will exert an equal and opposite 
force on the water in the channel (jet reaction). 

401. We assume that, after striking the blade, the jet continues its 
motion with the blade velocity vk. In this case the mass of water 
S(\l2gh — vk) q loses the velocity (v 2gh — vk) per sec. The force 
acting on the wheel is therefore F = Scigli — vk)2 q, and does 
work equal to Sq{\llgh — vk)2vk per sec. The maximum is obtained 
when vk = V2gA/3. The maximum power is therefore 4(2gh)3/2Sql21 
« 8-75 kgmsec-1 and the optimum angular velocity of rotation is 

1 ^2gh 0 „ , 
— 6 « 2-2 sec-1. 
3 R 
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402. 0-047 °C. 
403. If the kinetic energy of the jet, amounting to about 6 Joules 

per cm3 water (« Idealem -3), were completely converted into 
heat, the jet temperature would rise altogether about l°-5 as a result 
of striking the ice; this is clearly insufficient to explain the effect. 

404. A paraboloid of revolution generated by the parabola 
z = œ2x2/2g9 where x is the distance from the axis of revolution, z 
is the rise of the surface compared with its level at the centre of the 
vessel. 

oo)2R2 

405. (1) p = po + —-—, where p0 is the pressure at the centre 
of the bottom, ρ is the density of the water and R the distance from 
the centre of the bottom. 

(2)p « 42-3 gem-2. 

406. The cork is at the top on the axis, the lead is against the 
cylinder wall at the bottom, the body A is in any position (if its 
compressibility is equal to the compressibility of the water). 

407. Γ» 16 g. 

408. The pressure difference communicates to each particle of the 
liquid a centripetal acceleration precisely equal to that necessary 
for the particle to move round a circle and not approach the axis of 
rotation. 

409. (1) The liquid in the tube rises to the level at which the 
continuation of the surface of the paraboloid of revolution formed 
by the rotating liquid surface cuts the tube walls. The height of the 
liquid in the tube thus gives no indication of the pressure at the 
measurement end of the tube. 

(2) Whatever the position of the end A, the liquid in tube D only 
rises to the level of the liquid on the cylinder axis, since the liquid 
in the tube CA is in rotatory motion. There will thus be a pressure 
gradient in the horizontal part CA of the tube, measured by the 
difference in heights above the point A and the centre. This method 
is thus also unsuitable. 

(3) The height of the column in the tube D will be equal to the 
height of the liquid level above the end A. The pressure distribution 
can therefore be measured by this method. 
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410. The presence of the oil does not alter the shape of the water 
surface. The level in this case is 4 mm below the level referred to in 
the previous problem. 

411. Fn 112-5 gem-2. 

412. Because a moment M, greater than the moment Mf of the 
friction forces, must be applied in order for the vessel to rotate 
uniformly. The work done by the moment M — Mf goes into in
creasing the energy of the water, which is transformed into a flow 
from the centre to the periphery of the vessel A, and the energy of 
the falling water cannot be greater than this work. Consequently 
the work produced by the water wheel is insufficient to maintain the 
uniform rotation of the vessel. 

413. The vessel must have the acceleration a = 2g(H — h)/l, 
directed to the right in Fig. 113. 

414. The pressure drop due to friction in the part of the tube 
between the vessel and the first manometer tube must also be 5 cm ; 
consequently the 3 cm head communicates kinetic energy to the 
liquid flowing in the pipe. This energy is equal to Qgh = 
2940 erg cm- 3, hence the liquid velocity Ä 77 cm sec-1. 

FIG. 149 

415. Solution: Figure 149 shows the section of the infinitely long 
cylindrical body, the generators of which are perpendicular to the 
plane of the figure. The figure also shows the current tubes border
ing the body, and the pressure p and velocity v close the three 
sections of the current tubes marked 0, 1 and 2. The section 0 is 
fairly remote from the body. Now, by Bernoulli's equation, 

n -L e»l n , QVÌ n . Qui 
Po + — - =Pi + —- =Pz + —— · 

2 2 2 
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The force acting upwards on the small cylinder cut from the body 
will be 

(Pi - PÙ dS = - Q(V\ - v2
2) dS. 

The derivation uses the fact that dS1 cos OLX = dS and dS2 cos a2 
= dS, where dS1 is the area of the upper surface of the cylinder, and 
oq is the angle which the normal to this surface forms with the 
vertical ; the same for the lower face. 

§ 13. ACOUSTICS 

416. x « 9-6 m. 
Hint: The sound issuing from the point A reaches the man's ear 

D in time r (Fig. 150); in this time the bullet will be at the point C. 

A C 

\ 5m yS 

D 
FIG. 150 

The angle ADC is a right-angle, whilst AD is 340 τ, AC = 660 τ, 
whence the answer follows. 

417. 10"3sec. 

418. The fundamental tone is apparently increased about 18 c/s, 
the harmonic n x 18, where n is the number of the harmonic. 

419. 254 or 258. 

420. Beats of frequency 2v0u/c will only be recorded by the re
ceiver in the first case. 

421. v = 3400 msec-1. 

422. Nk=k , where c is the velocity of sound in the gas filling 

the pipe, L is the length of the pipe, k = 1, 2, 3, ... If the pipe is 
filled with air the fundamental corresponds to N1 = 100 c/s. 
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423. Nk+1 = ; the notation is the same as in the prev
ious problem. The fundamental corresponds to the frequency 
N± = 50c/s, k = 0, 1 ,2,3, . . . 

424. See Fig. 151. The points 2 and 4 are displacement and velo
city nodes and pressure antinodes, where the potential energy is a 
maximum (when / = 0, t = £T). The points 1,3 and 5 are pressure 

φ φ φ φ φ 
ο ο ο ο ~ ο 

Displacement at t=0 

-Velocity at t -0 

Velocity at t - T A 
Displacement at· t-T/4 

Pressure at t s T/4-
Pressure at t=0 

FIG. 151 

nodes, and velocity and displacement antinodes, where the kinetic 
energy is a maximum (when t = Γ/4, t = 3Γ/4), Tis the period of 
the vibrations. 

425. L = 30 cm. 
Hint: The frequency of the vibrations isv = (1/2L) νΤ/ρ, where 

Tis the string tension, ρ is the mass of the string per unit length and 
L is the string length. The original length is found by using this 
relationship. 

426. If 
y± = a1 sin Ini ) = α± sin (cot — ψι) 

represents the vibration of the particle, produced by the first wave 
system, and 

• ^ (t d2\ . , N 
y2 = a2 sin 2π ί ] = a2 sin (cot — φ2) 
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is the vibration produced by the second system, the total vibration 
will be 

y = y\ + J2 = A sin (cot + ψ), 
where 

A = [a\ + a\ + 2^02 cos (ç>2 - 9>i)1/2 

and 
ai sin w± + a2 sin φ2 

ψ = arctan —. 
α χ cos ç?! + α2 cos <p2 

427. The velocity of sound u is connected with the compressibility 
β = — (l/v) (dv/dp) by u = y/lfeßs where ρ is the density of the 
medium, v is its volume and p the pressure. We find for water: 
β » 4-35 ΊΟΓ5 cm2kg-^ 

428. β « 1-35 x 10~2 cm2kg~1. Liquid helium is distinguished 
among other liquids, in particular, by its high comperssibility. 

429. c = v02l = 1400 msec-1. The overtones are vk = kv0, 
where k = 2, 3, etc. 

430. The period of the thin string is half as long. 
431. It must be reduced to one ninth. 
432. The speed of sound in a gas depends on the ratio of the 

pressure to the density. Since this ratio is a constant at constant 
temperature, the velocity of sound is independent of the pressure. 

433. The acceleration / = 0·1(2π)2 x 52 x 108 micronsec-2 « 
1000 g, the velocity v = 0 · 1 x 2π x 5 x 104 micron see"1 

« 3-14 cm sec-1. 
434. (1) Press the string over a very short piece at the middle; 

(2) press similarly at 1/3 the distance from the end. It is impossible 
to lower the tone of the string by such methods. 

435. Solution: It follows from the equation of the adiabat that 
dpjp = y φ/ρ. If y is the displacement of the particle in the wave, 
the relative compression is —dyjdx and dqjq = —dyjdx. Conse
quently, dp/p = —y(dyldx). On the other hand, if the displacement 
in the travelling wave is 

. . / 2πχ\ y = A sin l cot J, 
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we have 

ANSWERS Al 

dy __ 2πΑ 
dx λ 

whilst the particle velocity is 

cos ( 2πχ\ 

dy . ( 2πχ\ 
u = — = Aco cos cot 1. 

dt \ λ ) Hence 

u Aco ( 
— = cosi cot — 
c c \ 

dp u 
i.e. -*- = γ — . 

P c 

2πχ\ 2πΑ ( = cos cot — 2πχ' 

436. (1) v = 990/π » 315 sec"1 ; (2) c = 330 msec"1 ; 

(3) λ = — « 1-05 m; (4) u = 99 cmsec"1; 

(5) Δρ = γρ — = 1-4 χ 760 χ « 3-2 mm Hg. 
c 330 

437. u = " Α " M l ; Λ=-Α^_. 
Λ2 — "1 Λι — λ2 

Solution: We seek the points Λ^ and x2 at which the phases of 
the two waves are the same at the instant t. The coordinates of the 
points must satisfy the equations 

(ω^ — kxxx) — (co2t — k2xx) = 0, 

{coxt — klx2) — (co2t — k2x2) = 2π, 

where kx and k2 are the wave numbers, equal to 2π\λχ and 2πβ2 
respectively. Hence A = x2 — xx = λχλ2Ι{λχ — λ2). The point at 
which the phases are the same will have the coordinate x[ at the 
instant t', i.e. 

(coxt' - kxx\) - (co2t' - k2x'x) = 0, 

ANSWERS AND SOLUTIONS 
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whence the displacement velocity of this point is 

v2 - 01 438. u = VI  - dl 
d2 - dl 

Ap2 S 
2 ec 

439. J = - - x 460 ergsec-1 = 4.6 x 10-5 Watt. 

Hint: The energy flux is J = +eu2cS, and u/c = Aplyp from the 
solution of Problem435; knowing that the velocity of sound is 
c = d& we easily obtain the answer. 

u 1 A p c  
(0 Y P W  

4 4 Q . A = - = - - -  x 2 x cm (see the solution of 

Problem435; taketheatmosphericpressureas 1013 x lo3 dynecm-2). 

441. T = 2 JT. VI 
C 

442. The frequency of the vibration is increased l/JGGZ x 3.8 
times. 


